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1 INTRODUCTION 8

1 Introduction

This technical report describes the development of the theory of Slotted-Circus, a generic, discretely
timed version of Circus|[CSWO03]|, inspired by the work of Sherif and He on Circus Timed Actions
(CTA) [SHO3! [She06].

At present this is a holding version, with details that need to be integrated from the latest work
(to be reported at FM2009).
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2 Syntax

We present the syntax of all three varieties below, with an informal description of the behaviour
of the constructs.

Action == Skip | Stop | Chaos
| Name™ := Expr™ | Comm — Action | b & Action
| Action; Action | Action M Action | Action O Action
| Action <abr> Action | Action |[CS]| Action | Action \ CS

| uName o F(Name) | Wait t | Action > Action

Comm := Name | Name.Expr | Name!lExpr | Name?Name | Name : T
T == type
Expr ::= expression
t = positive integer valued expression
b := boolean valued expression
Name ::= channel or variable names
CS ::= channel name sets

The notation X+ denotes a sequence of X. We assume an appropriate syntax for describing
expressions and their types, subject only to the proviso that booleans and non-negative integers
are included.

The basic actions Skip, Stop, Chaos are similar to the corresponding CSP behaviours [Hoa85|
Sch00], respectively denoting actions that do nothing and terminate, do nothing and wait forever,
or act unpredictably forever. The composite actions operators ; , M and O denote sequential
composition, internal choice and external choice respectively. Also familiar from CSP are the
conditional action ( <tb>>) and the prefix action Comm — Action, as well as recursively defined
actions (¢t Name o F(Name)). The communication prefixes range over synchronisation on a chan-
nel (Name), communicating a value on a channel (Name.Expr), sending a value on a channel
(Name!Expr), receiving a value on a channel (Name?Name) and being willing to engage in one of
a number of possible events (Name: T).

We refer to Circus behaviour as “actions”, rather than “processes”, because they have assignable
variables. So we find (multiple) assignment (:=) as a basic action. We also have actions guarded
by boolean expressions ( & ).

Parallel composition of actions (|[CY]|) is parameterised by a single set, composed of channel names,
rather than general events. Similarly, we can hide uses of channel names (\ CS) rather than general
events.

t
The constructs related to time are Wait t and >. The first (Wait t) denotes an action which

simply waits for ¢ time-slots to elapse, and then terminates. The second, A l; B denotes a timeout
situation where A is interrupted by B after ¢ time-slots, if it has not performed an observable
event or terminated by then. Both these two constructs are defined for syncCircus and CT*, but
not for Circus.

The syntax described here differs from that presented for CT* in [SJ02] by the presence of the
communication form Name : T, denoting a synchronisation event with no attendant data being
transferred. This is provided in order to admit a uniform semantics for all communications.
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3 Slotted-Circus (Formal Definition)

This section presents the formal definition of the slotted- Circus theory framework. We shall adopt
the following convention for identifiers:

observation variables | lower-case

expression functions lower-case

un-healthy predicates | ALL CAPS

healthy predicates First Letter Capitalised

Note that relation identifiers (as distinct from symbols) are treated as predicates in the above
convention.

3.1 Observational Variables

A slotted trace is defined over Ewvents, via a type constructor S, which captures the variety of
ways in which a slot can be built from events. In effect a given slotted theory is parametric in S,
and Event, and a number of relations to be defined below (in [3.2)).

We have the following observational variables (obsg):

Stability ok : B
Termination wait : B
Variable-State state : Name — Value

Slot-Sequences slots : (S Event)™

3.2 Required Definitions

In general the predicates/relations/functions are parametric over S, so are written as NAMFEs.
However, in the sequel, we only indicate this parameter when giving the signature, and omit it
from all other uses.

We present the signature of the required relations that characterise a particular slotted-theory, as
well as specifying laws that they must obey.

In particular, we expect the slot structure to be a pair of the form H F x P E, where the first
component records some form of slot history based on events, while the second gives the set of
events (ref) refused in that slot after that history has occurred.

[SLOT:structure] slot, (hist,ref) e SE=HE xPE

So, in effect, a slotted theory is fact parametric on H, rather than S, this latter now being defined
in terms of the former.

In the sequel, many operators defined on histories can be extended to slots in an “obvious” way.
Typically, we overload these operator names, occasionally using suffixes to distinguish them. These
“obvious” extensions conform to the following general scheme, where ¢ and m are arbitrary query
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and modify operators respectively:

[Overload:Sig:q:H] gu - HE — X
[Overload:Sig:q:S] gs:SE— X
[Overload:q:def] gs = Qpom
[Overload:Sig:m:H| my: X >HE—->HE
[Overload:Sig:m:S] ms: X -SE—SE
[Overload:m:def] ms(z)(hist, ref) = (ma(x)hist, ref)

We will require many history operators to satisfy key laws, which are flagged in the sequel with
Y. In most cases, corresponding laws for slot operators will be an easy consequence of the history
ones.

3.2.1 Accepted and Refused Events and Equivalent Traces

With a slot we associate the set of events accepted (acc) as well as the possible trace equivalents
(EQVTRCQC).

[ACC:sig] accs : HE —-PE
accy:SE —-PE
[ET:sig] EQVTRCy : E* -« H E

EQVTRCs : E* - S E
[ET:elems] " EQVTRC(tr, hist) = elems(tr) = acc(hist)
[HIST:exists] "¢ 3 hist e acc(hist) = S

We need also to be able to associate a refusal-set with an individual slot. However, unlike traces,
we do expect the relationship to be functional—every slot has a unique refusal set associated with
it, which is why we require the slot to be isomorphic to a pair containing a refusal set:

[REF :sig] srefs : S E—PE

[sref:def] sref = o
We also expect that histories and refusals are all that is required to define a slot:

[HIST:eq] & (b = ho)
= Vir e EQVTRC(tr,hy) = EQVTRC(tr, he)

A corresponding principle for slots is easy to derive:

[SLOT:eq] (s1 = s2)
= sref(s1) = sref(s2) AVir e EQVTRC(tr,s1) = EQVTRC(tr, s2)

[Acc:h:eq:elems:ET] acc(t) =S =Vrtt e EQVTRC(tt, (t,r)) A elems(tt) = S
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3.2.2 Null Slots

We require the notion of a null slot with no accepted events, but capable of supporting arbitrary
refusals. We are led to posit that the only aspect which varies in any null-slot is precisely those
refusals. This amounts to the existence of a unique null history value

[HN:sig] hnully - H E
[HN:null] "X ace(hnull) = {}
[SN:sig] snulls :PE—-SE
[SN:def] snull(ref) = (hnull, ref)
Note that snull is a bijection if viewed as a function from P E to Sy E, where Syyy E is the
space of null-slots. The following laws are immediate:
[SN:ref] sref (snull(ref)) = ref
[SN:null] acc(snull(ref)) = {}
[SN:eq] snull(r) = snull(r'y =r =1

/

3.2.3 Slot Prefix Relation

The relation <s captures the notion of one slot being a prefix of another:

[pfx:sig] wHE—HE
<s:SE~SFE
[pfx:def] (histy, ref1) <s (histe, refa) = histy <y histy

[pfx:refl] "X hist < hist = TRUE

slot < slot = TRUE
[pfx:trans] X hist) < histy A histy = hists = hist; < hists
sloty = sloty N sloty = slots = slot; = slots
[pfx:anti-sym] M histy < hista A histy < histy = hist; = histy

It asserts that its first history argument is, in some sense, a “prefix” of its second, and must also
be a pre-order. In fact over the history component it must be a partial order, but cannot be so
over the whole slot structure, as it ignores the refusal component. We require that a null history
is a prefix of any history, and also, if one history is a prefix of another, then there must exist
corresponding equivalent traces which are in the sequence-prefix relation:

[SN:pfx] ¢ hnull < hist
snull(r) < slot

[ET:pfx] »H  histy < histy = Jir, tro @ EQVTRC (try, histy) A EQVTRC (tra, histy) A try < tro
sloty = sloty = Ftry, trg @ EQVTRC(tr1,s1) AN EQVTRC (tra, s2) A tr1 < try

An important thing to note however, is that slots whose equivalent traces are identical can be
mutual prefixes of each other, even if their associated refusals differ—in other words the question
of whether or not one slot is a prefix of another does not take refusals into consideration.

[pfx:ignores:ref:1] sloty < sloty A sloty = sloty # sref (sloty) = sref (slotz)

[pfx:ignores:ref:2] sloty = sloty =V 1,12 @ sloty[r1] = slota[rs]
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Here we use the notation s[r] to denote a slot s where its refusal component has been replaced by
r. These properties are an immediate consequence of the pair-structure of slots and the definition
of prefixing.

3.2.4 Slot Addition (Concatenation)
We also need to have the notion of adding slots in a manner analogous to concatenation:

[sadd:sig] saddyy: HEXxHE —-HE
sadds :SEXSE—SFE

We define the slot version in terms of the history version as retaining the refusals of the latter
argument:

[sadd:deﬂ Sadds((hl, 7’1), (h27 ’FQ)) = (saddH(hl, hg), 7’2)

We require behaviour as below, requiring slot addition to be associative (but not generally com-
mutative, as it is more a form of adding by concatenation):

[sadd:events] "X acc(sadd(hy, ha)) = acc(hy) U acc(hg)
acc(sadd(s1, s2)) = ace(s1) U acce(sz)
[sadd:ref] sref (sadd(sy, $2)) = sref (s2)
[sadd:unit] " sadd(hy, he) = b1 = he = hnull
Y sadd(hy, he) = hg = by = Hnull
sadd(s1, s2
sadd(s1, 82) = s2 =3Iy @ 59 = snull(ry)
[sadd:assoc] "X sadd(hy, sadd(ha, hs)) = sadd(sadd(hy, ha), h3)
sadd(s1, sadd(sq, s3)) = sadd(sadd(s1, s2), s3)
[sadd:prefix] " h < sadd(h,h')
s = sadd(s, s")

) = 51 = 89 = snull(sref(s1))

There is a derived notion of slot equivalence (=), introduced formally later (3.3.4]), and we require
sadd to have the following property w.r.t. to such an equivalence:

[sadd:eqv:unit] sadd(s1,s2) = s1 = Iy @ 59 = snull(ry)

Note that this is weaker than the unit law [sadd:unit], but is a consequence of the history version
of it.

Finally, we introduce the following binary shorthand for sadd :

[sadd:binop] s14 82 = sadd(sy, $2)

3.2.5 Slot Subtraction
The related notion of slot-subtraction is also required:

[ssub:sig] ssuby : HEXHE-+»HE
ssubs :SEXSFE-+SFE
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where the second argument is subtracted from the first.

As for addition, we define slot subtraction to retain the refusal of its first argument:
[ssub:def] ssubs((h1,11), (ha,12)) = (ssubp(h1, ha), 1)
Subtraction is partial, and needs to obey a large collection of laws:

[ssub:pre] X pre ssub(hy, he) = hy X Iy
pre ssub(s1, s2) = s2 = $1
[ssub:events] "M hy < by AR = ssub(hy, ho) =
acc(hy) \ acc(hy) C acc(h') C acc(hy)
[ssub:events]s sp X 51 A 8" = ssub(sy, s2) =
acc(sy) \ acc(s2) C acc(s’) C ace(sy)
[SSub:ref] sref (ssub(slot’, slot)) = sref (slot’)
[SSub:self] X ssub(h, h) = hnull
ssub(s, s) = snull(sref(s))
[SSub:nil] " ssub(h, hnull) = h
ssub(s, snull(r)) = s
[SSub:same] X hist < hist), A hist < hist; =
ssub(histl,, hist) = ssub(histy, hist) = hist,, = hist;
[SSub:same]|s slot < slot), A slot < sloty =
ssub(slot), slot) = ssub(slot,, slot) = slot, = slot,
[SSub:subsub] X hist. < hist, A hist. < histy, A histy < hist,
= ssub(ssub(hist,, hist.), ssub(histy, hist.)) = ssub(hist,, histy)
[SSub:subsubls slot. =< slot, N slot. =< sloty A sloty, < slot,
= ssub(ssub(slot,, slot.), ssub(sloty, slot.)) = ssub(slot,, sloty)

The law [ssub:events] may seem a little weak, but in general subtracting s from s; does not
guarantee that the result will not mention events in sp. As for sadd, we need a property linking
ssub and slot equivalence (3.3.4)):

[SSub:eqv] 51/ 8o = ssub(sy, o) = snull(sref(s1))

This law is a consequence of the anti-symmetric of <3, and the laws [SSub:self] and [ssub:def].

Also useful is a law allowing us to handle slot-subtractions that cause no change:
[SSub:equal] s = ssub(s, sn) = I rn e sn = snull(rn)

For proof see [SSub:equal]:p206
Finally, we introduce the following binary shorthand for ssub :

[sadd:binop] s1\ 2 = ssub(sy, s2)

3.2.6 Relating Addition and Subtraction

We also require addition and subtraction to satisfy the following laws, the first of which can be
considered a defining feature of subtraction, and the second being required to ensure that R2 (see
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[R2:def]:p23)) is idempotent:

[sadd:ssub] "X hist < hist’ = sadd(hist, ssub(hist’, hist)) = hist’
slot < slot’ = sadd(slot, ssub(slot’, slot)) = slot’
[ssub:sadd] "X ssub(sadd(hy, ha), 1) = he
ssub(sadd(sy, $2), $1) = $2
We will allow certain variants of slotted-Circus that fail to satisfy [ssub:sadd], provided a different
form of the R2 healthiness condition is used. An example of this is that case where we model

the event occurrences as a set, and sadd and ssub correspond to set union and set difference
respectively. In this case it is generally the case that:

(S1US)\ S # %  eg: ({afU{a})\{a} =0#{a}.

3.2.7 Hiding Slot Events

We need to specify how to hide events in a slot:

[SHid:sig] shideyy :PE—-HE —-HE
shides :PE —-SE —SFE

Hiding shrinks the event-set:

[SHid:def] shides(hid)(hist, ref ) = (shider (hid)hist, ref)
[SHid:evts] "X acc(shide(hid)(h)) = acc(h) \ hid
acc(shide(hid)(s)) = acc(s) \ hid
[SHid:refs] sref (shide(hid)(s)) = sref(s)
[hide:it:is:null] (Fteacc(t) ={c} A tt = SHideg{c}(t)) = acc(it) =0

3.2.8 Slot Synchronisation

Finally, we need a function that captures the way in which two slots can synchronise on a given
channel-set:

[SNC:sig] ssyncy :PE—-HEXxHE —-PHE)
ssyncs :PE—-S ExSE —P(SE)

We define the slot-version in terms of the history one as follows:

[SNC:def] ssyncs(cs)((histy, refr), (histe, refz))
= ssyncp(cs)(histy, histy) x {rsync(cs)(refi, refa)}
[RSYN:sig] rsync :PE —-PEXPE —-PFE
[RSYN:def] rsync(es)(ri, r2) = ((m Ura) Nes) U ((r Nrg) \ es)
[RSYN:sym] rsync(cs)(ri, r2) = rsync(ces)(re, r1)

[RSYN:assoc] rsync(cs)(ri, rsync(cs)(rq, r3) = rsync(cs)(rsync(cs)(ry, r2), r3)
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Synchronisation needs to satisfy the following:

[SNC:sym] X ssync(cs)(ha, ha) = ssync(cs)(ha, h1)
ssync(cs)(s1, s2) = ssync(cs)(s2, s1)
[SNC:null] ssync(es)(snull(ry), snull(r2)) = {snull(rsync(ry, 12))}
[SNC:one] "4 Vh' € ssync(cs)(hi, hnull) ® acc(h’) C acc(hy) \ cs
Vry eV s € ssync(cs)(si, snull(ry)) @ acc(s’) C acc(sy) \ cs
[SNC:only] *& A’ € acc(ssync(cs)(hi, h2)) = acc(h’) C acc(hy) U acc(hy)
s" € acc(ssync(cs)(s1,2)) = acc(s’) C ace(s1) U ace(sz)
[SNC:sync] *H A’ € acc(ssync(cs)(ha, ha)) = cs N ace(h’) C es N (acc(hy) N ace(hs))
(ssync(cs)( )

s' € acc(ssync(cs)(s1,82)) = cs Nacc(s’) C es N (ace(s1) N ace(sz))

Note that these laws are weaker than might be expected—in particular, they do not specify the
difference between what happens to events common to both slots, wvis-a-vis their membership
of the synchronisation set. This aspect of behaviour depends on the specifics of a given slotted
theory.

We would like an associativity principle, but in order to do that we need to handle sychronisation
of one history against a set of same:

[SNCS:sig] syncset :PE —-HE —-P(HE)—P(HE)
[SNCS:def] syncset(cs)(h)(H) = U{ssync(cs)(h, Y| W e H}
[SNC:assoc] "X syncset(cs)(hi)(ssync(cs)(ha, h3)) = syncset(cs)(hs)(ssync(cs)(hi, h2))
syncset(cs)(s1)(ssync(cs)(se, s3)) = syncset(cs)(s3)(ssync(cs)(s1, s2))

3.2.9 Parameter Summary

We recap: the parameters required to define a slotted- Circus theory, itself parametric on Events,
are:

H : FE—-HE
accy : HE—-PFE
EQVTRCy : E*<—HE
hnully : HE
“x : HE—~HE
ssubyy : HEXHE-+HE
saddyy : HEXHE—-HE
shidey, : PE—-HE—-HE
ssyncyy : PE—HExHE —P(HE)
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These need to satisfy the following laws:

[ET:elems] " EQVTRC(tr,hist) = elems(tr) = acc(hist)
[HIST:exists] "X I hist e acc(hist) = S
[HIST:eq] & (hy = hy) = Vir e EQVTRC(tr,hy) = EQVTRC(ir, ha)
[HN:null] X ace(hnull) = {}
[pfx:refl] "X hist < hist = TRUE
[pfx:trans] " hist; < histy A histy < hists = hist; < hists
[pfx:anti-sym] X hist; < hista A histy < histy = hist; = histy
[SN:pfx] "¢ hnull < hist
[ET:pfx] " histy < histy = Jtry, try @ EQVTRC (try, hist;) A EQVTRC (tro, histy) A try < try

(continued overleaf)

[sadd:events] "X acc(sadd(hy, ha)) = acc(hy) U acc(hg)
[sadd:unit:r] " sadd(hy, he) = hy = he = hnull
[sadd:unit:l] "X sadd(hy, ha) = ha = hy = hnull
[sadd:assoc] " sadd(hi, sadd(hg, b)) = sadd(sadd(hy, he), hs)
[sadd:prefix] " h < sadd(h,h)
[ssub:pre] "X pre ssub(hy, he) = hy X Iy
[ssub:events] " hy < by A B = ssub(hy, ha) =
acc(hy) \ acc(hy) C acc(h') C acc(hy)
[SSub:self] "X ssub(h, h) = hnull
[SSub:nil] "X ssub(h, hnull) = h
[SSub:same| "X hist < hist!, A hist < hist; =
ssub(hist,,, hist) = ssub(histy, hist) = hist), = hist,,
[SSub:subsub] YK hist. < hist, A hist. =< histy A histy, = hist,
= ssub(ssub(hist,, hist.), ssub(histy, hist.)) = ssub(hist,, histy)
[sadd:ssub] "X hist < hist’ = sadd(hist, ssub(hist’, hist)) = hist’
[ssub:sadd] "X ssub(sadd(hy, ha), 1) = he
[SHid:evts] "&  acc(shide(hid)(h)) = acc(h) \ hid
[SNC:sym] & ssync(cs)(hy, ha) = ssync(cs)(he, h1)
[SNC:one] " Vh' € ssync(cs)(hy, hnull) ® acc(h’) C ace(h) \ cs
[SNC:only] *& A’ € acc(ssync(cs)(h, h2)) = acc(h’) C acc(h) U acc(hy)
[SNC:sync] *H &' € acc(ssync(es)(hy, he)) = ¢s Nacc(h’) C es N (ace(hy) N ace(hs))
[SNC:assoc] " syncset(cs)(hy)(ssync(cs)(hg, hg)) = syncset(cs)(hs)(ssync(cs)(hi, ha))

3.3 Derived Definitions

The following relations have general use throughout the theory:
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3.3.1 Trace Equivalence of a Slot-Sequence
First, we define the notion of a trace equivalent to a slot-sequence:
[ETs:sig] EQVTRACEs : E* < (S E)*
[ETs:def:nil] EQVTRACE(tr,()) = tr =)

[ETs:def:cons] EQVTRACE(tr, slot g slots)
= Jirg e trg < tr A EQVTRC (trg, slot) N EQVTRACE (tr — try, slots)

This relationship links slotted-sequences back to the t¢r observation of Circus. We find that
EQVTRACE obeys the following laws:

[ETs:sngl] EQVTRACE(tr, (slot)) = EQVTRC (tr, slot)
EQVTRACE (tr,, slots,) N EQVTRACE((try, slotsy)

[ETs:cat] — EQVTRACE(tr, " try, slots, " slotsy)
#slots
[ETs:elems] EQVTRACE(tr, slots) = elems(tr) = U {acc(slots(i))}
i€l
[ETs:null] EQVTRACE((),slots) =Vi € 1...#slots « EQVTRC({), slots(i))

Proofs: [ETs:sngl]:j67], [ETs:cat]:f68], [ETs:elems]:p[72], [ETs:null]:pf75] .

Some slotted theories, define an auxiliary variable trace’ that captures the notion of which events
have occurred since the current action began. This only makes sense if the EQVTRACE relation
is functional. If not, the best we can come up with is a predicate that defines possible values for
trace’:

[PEVisig)  POSSEVTS : E* « (S E)* x (S E)*
POSSEVTS (trace’, (slots, slots’))

[PEV:def] = Jitr,tr' « EQVTRACE((tr, slots) N EQVTRACE(tr', slots’) A trace’ = tr' — tr

In fact, we make no further use of this in the sequel, instead relying on more specific relations
to capture specific cases regarding the nature of trace’ (null, non-null, starting with a particular
element, etc..).

3.3.2 Extracting Refusal Sequences
We can extract sequence of refusals from a slot-sequence:

[RFS:sig] srefss 1 (S E)T — (PE)*T
[RFS:def] srefs(slots) = map(sref)(slots)

We then specialise this to a relationship between a single refusal set and a slot-sequence, where
the refusal corresponds to the last slot:

[ER:sig] equrefs : (S E)Yt - PE
[ER:def] equref (slots) = sref (last(slots))

This is in fact the relationship used to link a slotted theory back to the ref observation of Circus.
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3.3.3 Slot-Sequence Prefix Ordering (<)

We define a prefix ordering (<) on slot-sequences by noting that all but the last slot of slots is a
prefix of slots’, and that the last slot of slots is a slot-prefix to the corresponding slot of slots’:

[EXsig]  <s: (S E)* o (S E)*
[EX:def] slots < slots’ = front(slots) < slots’ A last(slots) < slots'(#slots)

Note that we insist on strict prefixing between front(slots) and slots, because the definition above
is undefined if front(slots) = slots’, as then slots is in fact longer than slots’ by one element, so
slots' (#slots) is undefined. This corrects a common error found in the literature of slotted-like
theories (see 77).

We also give an alternative definition in terms of a formulation that makes the last slot explicit
(an exercise in sequence properties):

[EX:prior-hist-ref:def] p " {(h,r)) < p" T {(W, "))
= p<p A(hr) =2 (" (W, r")(#p + 1)
The sequence-ordering relation (<) on slot-sequences is a sub-relation of <. We also note that

=<s is only a pre-order, inheriting this property from slot-prefixing. However, if < in a particular
theory is anti-symmetric, then so is <.

[EX:subseq] slots, < slotsy, = slots, < slotsy,
[EX:refl] slots <X slots
[EX:trans] slots, < slotsy N slotsy < slots, = slots, < slots,
[EX:anti] (V slot,, sloty, e slot, = sloty A sloty = slot, = slot, = sloty)
=

(slots, < slotsy A slotsy < slots, = slots, = slotsy)

Proofs: [EX:subseq]:f77], [EX:refl]:d7§|, [EX:trans]:f79], [EX:anti]:J82]. We also expect the (almost)
empty slot-sequence to be a prefix of any other sequence:

[EX:null] (snull(r)) <% slots
Proof: [EX:null]:p83).

At this point we note that when slots < slots’ holds, we can write slots and slots’ as follows:

slots = pfr ™ (slot)
slots’ = pfr " (slot’) ™ sfx
[EX:pfx]

here pfr denotes their common prefix, while slot and slot’ are the first slot at which they differ,
this always being the last slot of slots. Then sfr is the subsequent behaviour of slots’ after slot’.
We note that both pfr and sfr can be empty lists, and that pfx = front(slots).

In addition to the above, there are a few properties regarding slot-sequences with common sub-
parts worth noting:
[EX:prefix] 881 7 88y <X 881 7 883 = 589 < 583

[EX:sngl] ($1) X $2888 =81 = 89
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Proofs: [EX:prefix]: , [EX:sngI]: . Finally, it is worth noting the following relationships
between slot-prefixing and sequential compositio

[EX;EX] (slots < slots'); (slots < slots’) = (slots X slots”)

Proof: [EX;EX]:H89

3.3.4 Slot Equivalences
We define an equivalence on slots based on mutual prefixing:

[SEQV:sig] ~s:SE—SE
[SEQV:def] slot; = sloty = slot; =< slota A sloty =< slot;

A key property is that it amounts to equality of the history component:
[SEQV:equal-h] (h1,-) =~ (hg,_) = hy = ho

Proof is an elementary use of definitions and the property [pfx:anti—sym]:
We then extend this slot-equivalence to slot-sequences:

[SSEQV:sig] 25 (SE)T = (SE)T
[SSEQV:def] slots; = slotsy = slots; < slotsy N slotsy < slots;

That ~ and = are equivalence relations is an immediate consequence of <, and hence <, being a
pre-order (exercise):

[SEQV:refl] slot ~ slot
[SEQV:symm] sloty ~ sloty = sloty =~ slot;
[SEQV:trans| sloty = sloty N sloty =~ slotz = slot; = slots
[SSEQV:refl] slots = slots
[SSEQV:symm] slots; =2 slotsy = slotsy =2 slots;
[SSEQV:trans] slotsy = slotsy N slotsy = slotss = slots; =2 slotss

It is useful to have a direct expansion of 2

[SSEQV:expand] slotsy =2 slotsy
= front(slots;) = front(slotsz) N last(slots;) =~ last(slotss)

Proof: [SSEQV:expand]:p00]

We get the following relationships between <, & and sequential composition:

[EX;SSEQV] (slots < slots'); (slots = slots") = slots < slots’
[SSEQV;EX] (slots = slots'); (slots < slots’) = slots < slots’
[SSEQV;SSEQV] (slots = slots'); (slots = slots’) = slots = slots’

1This is an instance of the general law GROW; GROW = GROW introduced in the algebraic approach to
reactive theories (work in progress)



3 SLOTTED-CIRCUS (FORMAL DEFINITION) 21

Proofs—similar to that for [EX;EX]:p89]

We also expect the following interactions between ~, sadd and ssub::

[sadd:eqv:unit] : sadd(s1, s2) = s =7 Ir e 59 = snull(r)
[SSub:eqv] : pl14 (T e ssub(s1,82) = snull(r)) =7 51 = 52

These are listed as required properties of sadd and ssub.

3.3.5 Slot-Sequence Addition

We need to introduce the slot-analogue of sequence addition (#) here, which merges the last slot
of its first argument and the first slot of its second argument using #:

[CAT :sig] ts: (SE)Y" x(SE)") —(SE)t
[CAT :def] slotsy #f slotse = front(slotsy) ™ (last(slotsy) § head(slotsz)) ™ tail(slotss)

We find that #f satisfies the following laws:

[CAT:assoc] sh (st sls) = (sl sly) #f sls
[CAT:PFX] ss <X ssfftt
[CAT:ER:last] equref (sl tf slp) = equref (sly)
[CAT :eqv] sh = sl sly = I @ sl = (snull(ry))
[CAT:equall sl = sl tt sly = sl = (snull(equref (sh)))
[CAT:len] #(sh t slo) = #(sl) + #(sk) — 1

Proof: [CAT:assoc]:92} [CAT:PFX]:H95| [CAT:ER:last]:p06] [CAT:eqv]:p07] [CAT:equall:H98] [CAT:len]:H99|

3.3.6 Slot-Sequence Subtraction

We need to introduce the slot-analogue of sequence subtraction here:

[DF:sig] difs : (S E)Yt x (SE)") = (S E)*
[DF:pre] pre dif (slots’, slots) = slots < slots’
[DF:def] dif (slots’, slots) = ssub(slot’, slot) g sfx
where slot = last(slots)
(slot’ g sfr) = slots’ — front(slots)
[DF:pfx] dif (pfz ™ (slot’) ™ sfr, pfr ™ (slot)) = ssub(slot’, slot) s sfr



3 SLOTTED-CIRCUS (FORMAL DEFINITION) 22

We find that dif satisfies the following laws:

[DF:equal] slots = dif (slots, sln) = I rn e sln = (snull(rn))
[DF:self] dif (slots, slots) = (snull(equref (slots)))
[DF:nil] dif (slots, (snull(r))) = slots
[DF:Null:equal] slots’ ~x slots = (snull(r")) = slots’ = slots A equref (slots’) = r’
[DF:Null:eqv] (37" o slots’ \\ slots = (snull(r"))) = slots’ = slots
[DF:same] slotsy < slots, A slotsy < slots, =

dif (slots,, slotsy) = dif (slots., slotsy) = slots, = slots,.
[DF:all-null] EQVTRACE((), dif (slots,, slotsy)) =
Vi e l...#dif (slots,, slotsy) @ EQVTRC({), (dif (slots,, slotsy)) (7))
[DF:ref] srefs(dif (slotsg, slotsy)) = srefs(slots, — front(slotsy))
[DF:hd-Evt] EQVTRACE((), dif (slots', slots)) = EQVTRC (), head(dif (slots’, slots)))
[DF:subsub)] slots. < slots, N slots. < slotsy A slotsy < slots,
= dif (dif (slots,, slots.), dif (slotsy, slots.)) = dif (slots,, slotsy)
[EX:dif] slots < slots’ = (snull(r)) < dif (slots', slots)
[DF:ER:first] equref (sly ~~ sly) = equref (sl)
[DF:len] #(sh ~\ sh) = (#(sh) — #(sk)) + 1
Proofs: [DF:equal]:p100] [DF :self]:ff101} [DF:nil]:d102] [DF:Null:equal]:d103] [DF:Null:eqv]:p104] [DF:same]:p105
[DF:all-null](see [ETs:null]:JL8)), [DF:ref]:f108] [DF:hd-Evt](see [ETs:null]:p18] instantiated with i =
1), [DF:subsub]:J109] [EX:dif]:§83} [DF:ER:first]:p84] [DF:len]:H86]

We introduce a binary notation:

[DF:binop] slotsy ~\ slotsy = dif (slotsy, slotss)
= let rest = slots; — front(slotss)
in (head(rest) \ last(slotsz))stail(rest)

3.3.7 Relating Slot-Sequence Addition and Subtraction

We expect slot-sequence subtraction and addition to obey the following laws:

[CAT:DF:id] (ssthtt) ~\ ss=tt
[CAT:DF:pfx] (ss# tt) ~~ (ssftt wu) = tt ~ wu, if vu <t

Proof: [CAT:DF:id]:p111] [CAT:DF:pfx]:p112]
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3.4 Healthiness Conditions

We are going to give analogues in slotted- Circus to the reactive and CSP healthiness conditions of
UTP, namely R (R1,R2,R3) and CSP1-5.

3.4.1 Reactive Healthiness 1 (R1)
In Circus this asserts that tr < #r’. In a slotted theory, we use <.

[GROW:def] GROW = slots < slots’
[Rldeff R1(P)Z P A GROW
[Rlidem] R1oR1=R1

Proofs: [R1l:idem]:d113]
As R1 has the form andp, we immediately get the following distributive laws (exercises in ele-
mentary predicate calculus):
[R1:distr:and] R1(P A Q)=R1(P) AR1(Q) =R1(P) A Q@ = P AR1(Q)
[R1:distr:or] R1(PV Q) =R1(P) Vv R1(Q)
[R1:distr:all] R1(Vz e P)=Vz e R1(P),z ¢ {slots, slots'}
[R1:distr:any] R1(Jz e P) =31 ¢ R1(P),z ¢ {slots, slots'}
[R1:distr:cond] R1(P <c> Q) = R1(P) <e> R1(Q)

Distributivity of healthiness through sequential composition generally doesn’t hold, but it should
preserve healthiness:

[comp:R1:closed] (P=R1(P)) A (Q =R1(Q)) = ((P; Q) =R1(P; Q))
Proofs: [comp:R1:closed]:p147 A consequence of this is:

[GROW-GROW:eq:GROW] GROW; GROW = GROW

Sometimes it is worth exploring the consequences of being healthy/un-healthy in a little more
detail:

(P=R1(P)) = (P=PAGROW)
= P= GROW
[R1:alt] = - PV GROW
(P£R1(P)) = P# GROW
[not-R1:alt] = PA-GROW

3.4.2 Reactive Healthiness 2 (R2)

The appropriate definition of R2 is the following, which is just strong enough to ensure that
slot-sequence equality is itself R2-healthy:

[R2:def] R2(P)=3dss e
P|ss, ss ff (slots’ ~\ slots)/slots, slots'] A equref (ss) = equref (slots)

See §77 for details of how this formulation was developed.
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For convenience we define the following shorthand:

[EQRF:def] ER(ss1, 882) = equref (ss1) = equref (ss2)
[R2:subs] [r2] = [ss ™ (s), ss 7 Shift(s, slots, slots") | slots, slots']

Using this and [R2:subs}: gives the alternate compact definition of R2:

[R2:alt] R2(P) =Jss @ R2,,(P) A ER(ss, slots)

We note that R2 distributes over/through most predicate constructs, except through quantification
over slots and slots’. The substitution and R2 are both idempotent:

[R2:idem]  R20R2=R2

Proof: [R2:idem]:p117]
As R2 has the form 3z e P[f(z), g(x)/slots, slots'] A h(z), we immediately get the following
distributive laws

[R2:distr:and] R2(P A Q)=R2(P) A Q, slots, slots’ not free in Q
[R2:distr:or] R2(P Vv Q) =R2(P) VR2(Q)
[R2:distr:cond] R2(P <c> Q) = R2(P) <c> R2(Q),  slots, slots’ not free in ¢

Proofs: [R2:distr:and]:pfI21} [R2:distr:or]:f121] [R2:distr:cond]:H122}

Note also that any predicate not mentioning slots and slots’ is R2-healthy, so:

[R2:no-slots] R2(Q) = Q, slots, slots’ not free in Q
[R2:distr:and’] R2(P A Q) =R2(P) AR2(Q),

(slots, slots’ not free in P) V (slots, slots’ not free in Q)

Distributivity of healthiness through sequential composition generally doesn’t hold, but it should
preserve healthiness:

[comp:R2:closed] (P=R2(P)) A (Q=R2(Q)) = ((P; Q) =R2(P; Q))

Proof: [comp:R2:closed]:p150)

3.4.3 Reactive Healthiness 3 (R3)

The definition of R3 in the UTP book has to be adapted to avoid generating miracles as an
interaction between state and external choice. The nature of this probelm and various possible
solutions are discussed in [BGW09|. In essence, we have to encapsulate the principle that while a
healthy process is waiting for events, its variable state is unobservable. We need to define I'p in
order to specify R3.

DIVidefl DIV = - ok A GROW
[RSTET:def] RSTET = wait' = wait A slots' = slots
llrdef]  Ig = DIV V ok’ A RSTET
[R3:def] R3(P) = I r Qwait>> P
[R3:idem] R30R3=R3
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Proofs: [R3:idem]:p123] Iy is a self-identity for composition:
[SkipR-SkipR:eq:SkipR] Ip; Ir=1Ip

Proofs: straightforward.

As R3 has the form I <waitt> _, we immediately get the following distributive laws (exercises
in elementary predicate calculus):

[R3:distr:and] R3(P A Q) =R3(P) AR3(Q)
[R3:distr:or] R3(PV @Q)=R3(P)V R3(Q)

[R3:distr:cond] R3(P <1c> Q) = R3(P) <e> R3(Q)

[R3:wait:Skip] (P =R3(P)) = wait AN P = wait N Ig

Distributivity of healthiness through sequential composition generally doesn’t hold, but it should
preserve healthiness:

[comp:R3:closed| (P=R3(P)) AN (Q@=R3(Q)) = ((P; Q) =R3(P; Q))

Proof: [comp:R3:closed]:p156]
We also have some laws regarding DIV and RSTET:

[one-point:RSTET] (3 obsy @ P A (RSTET[obsy/0bs])) = (3 oko, statey ® Plwait’, slots’ /waity, slotso])
[one-point:RSTET'] (Fobsy P A\ (RSTET|[obsy/0bs'])) = (3 ok, statey ® Plwait, slots/waity, slotsy))
[comp:RSTET] (P; Q@ N RSTET)
= J ok, statey ® P|[oky, statey/ok’, state’] N Q|oko, statey, rest’ / ok, state, rest]
[comp:RSTET'] (P ANRSTET; Q)
= J ok, statey ® P|[oky, statey, rest/ok’, state’, rest’] A Q|oko, statey/ ok, state]
[DIV:DIV:eq:DIV] DIV, DIV = DIV
[lIr:DIV:eq:DIV] I'r; DIV = DIV
[DIV:lIr:eq:DIV] DIV; I'p = DIV
Proofs: the first two are an easy exercise in the one-point rule, the second two are straightforward

corollaries of the first two whilst for the rest see: [DIV:DIV:eq:DIV]:{I58] [lIr:DIV:eq:DIV]:H160}
[DIV:lIr:eq:DIV]:§160]

3.4.4 Reactive Healthiness (R)

[R:def] R=R30R20cR1

In order to prove that R is idempotent, we shall show that each of the Ri commutes with each
of the others. It is also useful to prove that some of these conditions, when applied to true also
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satisfy other healthiness conditions.

[R1:is:R2 R2(R1(true)) = Rl(true)

[llr:is:R1 R1(Ig))=1Igr

[R3:is:R1 R1(P) = P = R1(R3(P)) = R3(P)
[llr:is:R2 R2(IIg))=1r

]
]
]
]
[llr:is:R3] R3(Ig))=1Ig
]
]
]
]

[R1:R2:comm R1ocR2=R20R1

[R1:R3:comm R1ocR3=R30R1

[R2:R3:comm R20R3 =R30R2
[R:idem RoR=R

Proofs: [R1:is:R2]:p124} [llr:is:R1]: 9133} [R3:is:R1]: 4134} [llr:is:R2]:p??, [lIr:is:R3]:p136, [R1:R2:comm]:p137
[R1:R3:comm]:p138] [R2:R3:comm]:p139] [R:idem]:p139|

We immediately obtain the following distributive laws for R, as a consequence of those above,
and the definition of function composition:
[R:distr:and] R(P A Q)=R(P) AR(Q),

(slots, slots’ not free in P) V (slots, slots’ not free in Q)

[R:distr:or] R(PV Q)=R(P)VR(Q)
[R:distr:cond] R(P <c> Q) = R(P) <c> R(Q),  slots, slots’ not free in ¢
It can be useful to expand out R-healthiness in a variety of ways:
R(P)

[R:expand:1] = g <waitr> (R2(P) A slots < slots’)

[R:expand:2] = (I r <wait> R2(P)) A slots < slots’

[R:expand:3] = R2((I r <waitt> (P)) A slots < slots”)

[R:expand:3] = R2(I r <waitt> (P A slots < slots"))

A surprising result is the following (Lemma 3.3, [She06l p47]):
[expand-R:eq:expand] P=R(P)= GROW; P= GROW

Proof: [expand-R:eq:expand]:p141]
Less surprising is

[DIV-R:eq:DIV] P =R(P)= DIV; P = DIV

Proof: [DIV-R:eq:DIV]:p142]
In both of the above, R1 and R3 are necessary, but R2 is not.

We also have:
[R-DIV:eq:DIV] P=R(P)= P; DIV =DIV

Proof: [R-DIV:eq:DIV]:p??
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3.4.5 CSP Healthiness 1 (CSP1)

A process is CSP1-healthy if it behaves like DIV when started in an unstable state:

[CSP1:def] CSP1(P)=P Vv DIV
[CSP1:alt] CSP1(P) = P v CSP1(false)
[DIV:is:CSP1]  CSP1(DIV) = DIV

Laws [CSP1:alt] and [DIV:is:CSP1] are easy exercises in prop. calculus.

DIViissRl]  R1(DIV) = DIV

[DIVis:R2]  R2(DIV) = DIV
[llr:is:CSP1) CSP1(Ip)=1Ig
[R1:CSP1l:comm] R10CSP1=CSPl1oR1
[R2:CSP1:comm] R2 0 CSP1 = CSP1oR2
[R3:CSP1:comm] R3 0 CSP1=CSP1oR3

Proofs: [DIV:is:R1], [DIV:is:R2] are trivial; for the rest, see: [llr:is:CSP1]:d143] [R1:CSP1:comm]:f144
[R2:CSP1:comm]:f144] [R3:CSP1:comm]:146]
As CSP1 has the form orp, we get:

[CSPLdistrand]  CSP1(P A Q) = CSP1(P) A CSP1(Q)
[CSP1.distr:or] CSP1(P Vv Q) = CSP1(P) v CSP1(Q)
[CSP1:distr:cond] CSP1(P <ic> Q) = CSP1(P) <tc> CSP1(Q)
[CSP1:distr:all] CSP1(Vz e P)=Vx e CSP1(P),z ¢ {ok, slots, slots'}
[CSP1:distr:any] CSP1(3z e P) =3z e« CSPL1(P),z ¢ {0k, slots, slots'}

We would also expect CSP1 to be closed under sequential composition:
[comp:CSP1:closed] (P=CSP1(P)) A (Q =CSP1(Q)) = ((P; Q) =CSP1(P; Q))

Proof: [comp:CSP1:closed]: 153

3.4.6 CSP Healthiness 2 (CSP2)

[CSP2:def] CSP2(P) = P; (ok = ok’ A wait’ = wait N state’ = state A slots’ = slots)
[CSP:alt] Joky @ Ploko/ok'] A oky = ok’

Note that here we use equality on slots rather than equivalence in CSP2, (Revisit proofs below)
which allows the alternative form to be used, as the one-point rule can immediately be used to
eliminate variables waity, stateg and slotsg.
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Condition CSP2 uses sequential composition, which embodies existential quantification over okgy
so its distributivity properties are non-trivial exercises in predicate calculus:
[CSP2:distr:and] CSP2(P A Q) = CSP2(P) A Q, ok’ not free in Q
[CSP2:distr:or] CSP2(P Vv Q) = CSP2(P) v CSP2(Q)
[CSP2:distr:any] CSP2(3z e P) =3z ¢ CSP2(P), 1z # ok’
[CSP2:distr:cond] CSP2(P <c> Q) = CSP2(P) <icr> CSP2(Q), ok’ not free in ¢

We explore its relationship with the other healthiness conditions:

liris:CSP2]  CSP2(Ig) = I
[DIV:is:CSP2]  CSP2(DIV) = DIV
[R1:CSP2:comm] R10CSP2=CSP20cR1
[R2:CSP2:comm] R2 0 CSP2 = CSP2o R2
[R3:CSP2:comm] R3 0 CSP2 = CSP20oR3
[CSP1:CSP2:comm] CSP10 CSP2 = CSP20 CSP1

Proofs: [llr:is: CSP2 ]:4161] [DIV:is:CSP2]:J162] [R1:CSP2:comm]:p163] [R2:CSP2:comm]:p164] [R3:CSP2:comm]: {165
[CSP1: CSP2 comml: i

3.4.7 CSP Healthiness 3 (CSP3)

[CSP3:def| ~ CSP3(P) = Skip; P

The definition of Skip is given later.
Condition CSP3 uses sequential composition, which embodies existential quantification over obsy
so its distributivity properties are non-trivial exercises in predicate calculus:
[CSP3:distr:and] CSP3(P A Q) = CSP3(P) A Q, obs not free in Q
[CSP3:distr:or] CSP3(P Vv Q) = CSP3(P) v CSP3(Q)
[CSP3:distr:any] CSP3(Jdz e P) =3z ¢ CSP3(P), =z ¢ obs
[CSP3:distr:cond] CSP3(P <cr> Q) = CSP3(P) <c> CSP3((Q), o0bs not free in ¢

The idempotence of this, as well as CSP4 below depends on the following law:
[Skip;Skip] Skip; Skip = Skip

3.4.8 CSP Healthiness 4 (CSP4)

[CSP4:def| ~ CSP4(P) = P; Skip

Condition CSP4 uses sequential composition, which embodies existential quantification over obsgy
so its distributivity properties are non-trivial exercises in predicate calculus:
[CSP4:distr:and] CSP4(P A Q) = CSP4(P) A Q, o0bs’ not free in Q
[CSP4.distr:or] CSP4(P Vv Q) = CSP4(P) v CSP4(Q)
[CSP4.distr:any] CSP4(3z e P) =3z ¢ CSP4(P), z ¢ obs
[CSP4:distr:cond] CSP4(P <cr> Q) = CSP4(P) <icr> CSP4(Q), obs’ not free in ¢
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In order for external choice to give a healthy result for healthy components, we have to require
that “healthy” encompasses at least R3 (as modified by us) and CSP4. Without these, then we
can get miracles (False) from external choice.

3.4.9 CSP Healthiness 5 (CSP5)

[CSP5:defl  CSP5(P)= P[AP | { ¢ ]} | 6] Skip

The definition of |[...]...|...] is given later.

3.4.10 Healthy Processes

In general a process is “healthy” if it satisfies R, CSP1, CSP2 and CSP4. For now we reserve
judgment regardingCSP3 and CSP5, viewing them as “ultra-healthy”.
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3.5 Slotted-Circus Specific Actions

Now, we define some relations that are useful in defining the slotted- Circus actions. Most of these
are a strengthening of POSSEVTS [PEV:def]:p[18]

Sometimes we will want to allow time to pass (#slots’ > #slots) but disallow the occurrence
of any events (trace’ = ()). This leads us to define a stronger version of POSSEVTS, called
NOEVTS:

[NEV:sig] NOEVTSs : (SE)T < (S E)*
[NEV:def] NOEVTS (slots, slots’) = EQVTRACE(nil, slots’ ~\ slots)

Another useful strengthening is a predicate that asserts that a given set of events have occurred,
but that no time has passed:

[EVN:sig]  EVTSNOWs :PE — (S E)' « (S E)*
[EVN:def] ~ EVTSNOW (E)(slots, slots")
= Jitt e elems(tt) = E N EQVTRACE(tt, slots’ ~\ slots) A #slots = #slots’

We can then use these as building blocks for other predicates.

In some situations, we want to describe events that occur immediately (in the first slot), as
described by the relation IMMEVTS:

IMEsig]  IMMEVTSs : (S E)* < (S E)*

[IME:def] IMMEVTS (slots, slots') = 3F ¢ E # (0 AN EVTSNOW (E)(slots, slots'); GROW
[FSEsig]  FSTEVTs : E — (S E)* — (S E)*

[FSE:def] FSTEVT (c.e)(slots, slots’") = EVTSNOW {c.e}(slots, slots’); GROW

Conversely, we also want to describe situation when events occur, but only in the last slot:

[EEV:sig]  ENDEVTSs: (S E)" « (S E)*"
[EEV:def] ENDEVTS (slots, slots")
=3F e E#(0 AN (EVTSNOW (E)(slots, slots') V (NOEVTS (slots, slots’)
; EVTSNOW (E)(slots, slots')))
LSE:sig)  LASTEVTs: E — (S E)* o (S E)*
[LSE:def]| LASTEVT(c.e)(slots, slots")
= EVISNOW {c.e}(slots, slots") V (NOEVTS (slots, slots’); EVISNOW {c.e}(slots, slots"))

The above definitions cover only the slots variables, and so it only makes sense to check if they
are R1 and R2:

[NEV:is:R1:R2] R2(R1((NOEVTS (slots, slots’))) = NOEVTS (slots, slots")
[EVN:is:R1:R2] R2(R1(EVTSNOW (E)(slots, slots’))) = EVTSNOW (E)(slots, slots")
[FSE:is:R1:R2] R2(R1(FSTEVT (c.e)(slots, slots'))) =777 FSTEVT(c.e)(slots, slots)
[IME:is:R1:R2] R2(R1(IMMEVTS (slots, slots’))) =777 IMMEVTS (slots, slots")

Proofs (to be redone with new definitions): [NEV:is:R1:R2]:pf168] [EVN:is:R1:R2]:p169] [FSE:is:R1:R2]:p??,
[IME:is:R1:R2]: 170
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We have just introduced three relations on slot-sequences, and it is a good idea to determine what,
if any, of the “classical” relation properties they possess:

[NEV:refl]
[NEV:trans]

NOEVTS(ss, ss) = TRUE

NOEVTS (ss,tt) N NOEVTS(tt, uu) = NOEVTS(ss, uu)

NOEVTS (slots, slots’); NOEVTS (slots, slots’) = NOEVTS (slots, slots’)
NOEVTS (ss,tt) N NOEVTS(tt, ss) = ss = it

EVTSNOW (E)(ss, ss) = FALSE

FSTEVT(c.e)(ss,ss) = FALSE

IMMEVTS (ss, ss) = FALSE

Proofs yet to be done.

3.5.1 Laws

[specificALaw-1]
[specificALaw-2]
[specificALaw-3]
[specificALaw-4]

EVTSNOW (0)(ss, tt) = ss = it

EVTSNOW (0)(ss, tt) = NOEVTS (ss, tt) A fiss = #tt

(c.e — P) A wait’ N NOEVTS (slots, slots")

Js,s" @ EVISNOW {c}(s,s") A sl ~\ sl = map(SHide({c}))(s' ~\ s) = sl' = sl
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3.6 Actions

First, we define those relations whose definitions are the same as those found in UTP or Circus:

3.6.1 Nondeterministic Choice

[NDet:def] PNQR=PvVQ

3.6.2 Conditional Choice

[Cond:def] Pac>Q=cAPV-cAQ
[Cond:alt] PacxQ=(c=P)AN(—c= Q)

3.6.3 Sequential Composition

[Seq:subs] [seq] = [obso/ obs] = [oko, waity, statey, slotsy/ ok, wait, state, slots]
[Seq:subs’] [seq’] = [obso/0bs’| = [oko, waily, statey, slotsy/ok’, wait’, state’, slots’]

[Seq:def] P; Q =Jobsy e Plseq'] N Q[seq]

3.6.4 Chaos

I

[Chaos:def] Chaos = R(true)

3.6.5 Deadlock

We can now define Stop as:

[Stop:def] Stop = CSP1(R3(ok’ A wait’ N NOEVTS (slots, slots")))

3.6.6 Guard

We can now define & as:

[Grd:def] b&A = A <br> Stop

3.6.7 Termination

Process Skip is reactive, and ignores any refusals at the start:
[Skip:def] Skip = R(3 slots, e slots, = slots A I g[slots,/slots] A state = state’)

This definition corrects an erroneous one that appears in the literature (§77).
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3.6.8 Delay
Waiting means time passes with no events occurring:

[Wait:def] Wait t = CSP1(R(ok’ AN DELAY (t) A NOEVTS (slots, slots')))
[Del:def]  DELAY (t) = DELW (¢) <twait'> DELD(?)
[DELW:def] DELW (t) = (#slots’ — #slots < t)
[DELD:def] DELD(t) = (#slots’ — #slots = t A state’ = state)

3.6.9 Assignment
Assignment takes zero time in slotted- Circus (here val is a standard expression evaluator):

N ok = ok’ A wait = wait’ A slots = slots’
[Asg:def] z:=e=CSP1|R

A state’ = state & {z — wval(e, state)}

val : Exprx (Name — Value) - Value

3.6.10 Communication (Prefix)

We distinguish between waiting for communication (WTC') and terminating it (TRMC).

) o~ ' ") state’ = state N
[Comm:def] c.e — Skip = CSP1 (ok A R3 (WTC(C) <Qwait' > ( WTC(c); TRMC(c) >)>

[WTC:def] WTC(c) = POSS(c) AN NOEVTS (slots, slots")
[POSS:def] POSS(c)=c ¢ U Refs(slots’ ~ slots)

[TRMC:def] TRMC (c) = EVTSNOW {c}(slots, slots’)

We show first that the key fragments are in fact R2- and R1-healthy:

WTCis:RL:R2]  R2(RL(WTC(c)) =227 WTC(c)
[TRMC:is:R1:R2] R2(R1(TRMC(c.e))) =777 TRMC(c.e)

Proofs: [WTC:is:Rl:RQ]: [CMPC:is:R1:R2):p??

General prefixing can then be defined in the standard way:

[Out:def] cle — Skip = c.e — Skip
[In:def] c?x — Skip =0y.re (c.k — Skip; x :=k)
[Pfx:def] comm — A = (comm — Skip); A

Here Oy.re P(z) is shorthand for P(k) O P(kx) O .. ..

3.6.11 External Choice

The definition here is a major adaptation of that in [She(06, p69].

[Ext:def] AOB=ANABA Stop V Choice(A, B) V Choice(B, A)
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R A NoEvents(slots, slots’)
[Choice:def] Choice(C,R) = CSP2 | C A ImmEvents(slots, slots')
slots 2 slots’ A (—~wait’ V —ok’)

The definition of R3 using I r rather than I is crucial here, otherwise the following outcome
results:
(z:=1; a — Skip) O (z := 2; b — Skip) = FALSE <wait>> ...

As STET propagates state changes through, and we are waiting after the assignments, but before
a or b is chosen, then the clause A A B A Stop results a contradiction as it asserts, among other
things that 2’ = 1 A 2’ = 2. With RSTET used in R3, this state information does not appear, so
there is no conflict, and once the a or b event is complete, so that we are no longer waiting, then
the actual assignment outcome becomes visible. Details regarding this issue have been published
in [BGW09].

3.6.12 Parallel Composition

We define slotted-parallel in a direct fashion, similar to that used for Circus, avoiding the com-
plexities of the UTP/CTA approaches, and also handling error cases in passing:

[Par:def] Allsal{ecslt]|ss]| B=3o0bsa,obsp e
Alobsa/obs'] A Blobsg/obs'] A

sa <4 stateg # sp < state V
if sp < stateg # sp < state V

saNsg # 0
then — ok’ A slots < slots’
ok’ = oka N okp N
wait’ = (waita V l.waitg) A
(wait’ = state’ = (statea — sp) @ (stateg — s4)) A
(waity = Fslotsa > F#slotsg) A
(waitp = #slotsp > #slotsy) A
VALIDMRG (cs)(slots, slots', slotsa, slotsg)

VMrgssig)  VALIDMRG :PE — ((S E)*) — B
[VMrg:def] VALIDMRG (¢s)(, 8,8, 50,51) = 8"~ s € tsync(cs)(s0 N 8,81 N\ 8)
[TSnc:sig] tsync :PE — (S E)* x (S E)* - P((S E)")
[TSnc:sym| tsync(cs)(s1, s2) = tsync(cs)(sa, $1)
[TSnc:nil] tsync(es)((), ) = {}
[TSnc:one] N ={ (&) | s € ssync(es)(s, snull(sref(s))) }

else

tsync(cs)((s), (
65 g s'g S’

[TSnc:both] tsync(cs) ( sl ; Sl, ) = | s € ssync(cs)(s1, $2) A

2002 S" € tsync(es)(S1, S2)

The clause [TSnc:one] matches that on [She06, pp81], which amounts to treating the missing slot
as refusing the same as the one present, in order to ensure that the refusal is unchanged. This
may not be correct. If the missing slot should be treated as refusing everything, then we should
have:

[TSnc:one’] tsync(es)((s), () = { (s') | &' € ssync(cs)(s, snull(Events))) }
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Or should we select all s’ with refusals the same as s, resulting from synchronising with null-slots
ranging over arbitrary refusals:

(s) |
[TSnc:one”] tsync(es)({s), () = dre
s" € ssync(es)(s, snull(r))) A sref(s") = sref(s)
3.6.13 Hiding

Hiding events in a slotted-action means they no longer appears as events that occurred, but are
now considered as refusals (by the outside world). Also, hidden events do not wait, but occur
immediately.

I’ @ A[s'/slots'] A

[Hid:def] A\ hidn =R3 slots’ ~\ slots = map(SHide(hidn))(s' ~~ slots) A | ; Skip
hidn C () Refs(s" ~\ slots)

3.6.14 Timeout

Timeout is modelled as per [She06l p86]
[Tout:defl  AS B = (AD(Wait d; int — B))\ {int}

3.6.15 Recursion
[Rec:def] pX e F(X)=M{X | X JF(X)}

3.7 Laws
3.7.1 Prefix
Laws [She06l, Property 3.5, p46]:
[prefixLaw-1] (c.e — Skip) A wait’ = CSP1(ok’ A R(WTC(c))) A wait’

. ) L , state’ = state N\ L
[prefixLaw-2] (c.e — Skip) A = wait’ = CSP1 <ok AR3 ( WTC/(c): TRMC(c) )) N ~wait
(

c.e — P) N NOEVTS(slots, slots")
= for healthy P
CSP1(ok' AR3(WTC(c) A wait")) N NOEVTS (slots, slots’)

[prefixLaw-3]
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3.7.2 Sequential Composition
Laws [She06, Property 3.6, p55]:

[ | STOP; A=STOP, A healthy
[ ] ((@=e); (z:=f(z)) =a:=f(e)
[seqLaw-3] Wait n; Wait m = Wait (m + n)

[ ] A4 (B C)=(4 B); C

[ ] (A<ie> B); Z = (4; Z) <e> (B; Z)

The proofs of the last two are predicate calculus exercises, while the first three require a little

more work: [seqLaw-1]:JI86] [seqLaw-2]:J188] [seqLaw-3]:p189

3.7.3 Conditional

Laws [She06, Property 3.7, pp55—6]:

condLaw-1 PdeP =P
condLaw-2 P<dce>Q=0Q <—c> P
condLaw-3 (P <b> Q) <e> R=P <b A e> (Q <c> R)

[ ]
[ ]
[ ]
[condLaw-4] P <b> (Q <e> R) = (P <b> Q) <er> (P <1b> R)
[ ]
[ ]
[ ]
[ ]

condLaw-5 P <TRUE> Q = P = (Q <FALSE> P
condLaw-6 P e (Q <e> R) = P Qe R

condLaw-7 P <b> (P<er> Q)= P <ab A c> Q
condlLaw-8 (PN Q)<ce>R=(P<e>R)N(Q <e> R)

All are straightforward exercises in propositional calculus.

3.7.4 Guards

Laws [She06l Property 3.8, pp56]:

guardLaw-6
7

guardLaw-

[guardLaw-1] FALSE& P = Stop

[guardLaw-2] TRUE&P = P

[guardLaw-3] c& Stop = Stop

[guardLaw-4] b&(c&P) = (b A ¢)&P
[guardLaw-5] b&(P M Q) = (b&P) M (b&Q)
[ | b&(P; Q) =777 (b&P); Q

[ ]

b&P =777 (b&Skip); P

All but the last two are straightforward exercises in propositional calculus.
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3.7.5 Non-deterministic Choice
Laws [She06, Property 3.9, p57]:

1 Chaos M P = Chaos
PNP=P
Pn@=QnPeP
intchoiceLaw-4 PN(QNR)=(PNQ)NR

[intchoiceLaw-1]
[ ]
[ ]
[ ]
[intchoicelLaw-5] (PNQ);; R=P; RN Q; R
[ ]
[ ]
[ ]
[ ]

intchoiceLaw-2

intchoiceLaw-3

intchoiceLaw-6 P; (QNMR)Y=P; QNI P; R
P<er>(QMNR)=(P<c> Q)N (P <c> R)
PN(Q<c>R)= (PN Q)<c> (PN R)

(c—>P)MN(c—R)=7?7¢c— (PNR)

intchoiceLaw-7
intchoiceLaw-8
intchoiceLaw-9

All but the last are straightforward exercises in propositional calculus.

3.7.6 External Choice Composition
Laws [She06l, Property 3.10, pp70-7]:

extchoiceLaw-1] P O Stop =777 P, P healthy
extchoiceLaw-2] PpopP=777pP
POQ=7??7QO0P
PO(QOR)=??7(POQ)O
PO(QNR)=???2(POQ)N(POR)
(a—P)O(b— P)=77?7 ((a — Skip) O (b — Skip)); P

extchoiceLaw-3]
4]
]
]
] Wait n O Wait n+m =777 Wait n
]
]
]
]

extchoicelaw- R
extchoiceLaw-6
extchoiceLaw-7
(Wait n; P) O (Wait n; Q) =777 Wait n; (PO Q)
(P Q)O(PNR)=7?? PN (QOR)

(Skip O (Wait n; P)) =777 Skip, n>0

(a — P) O (Wait n; (a — P)) =777 (a — P)

extchoiceLaw-8

[
[
[
[
[extchoiceLaw-5
[
[
[
[extchoiceLaw-9

[extchoiceLaw-10

[extchoiceLaw-11

None of these are straightforward!

Law [extchoiceLaw-9] may not be true... Counter example. P = Stop, @ = Skip, R = Waitl; a —
Skip
LeftSide = (P Q)0 (PN R)=PMNQNR

RightSide = PN (Q OR) =P N Q

3.7.7 Parallel Composition

Laws [She06l, Property 3.12, pp82-3]:
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[parallelLaw-1] Allsa|{cs|spll B=???B|sg|{csl|sa]A
parallelLaw-2] A [s4 | { es | | s Usc] (B [sp | { e} | 5] C)
=777 (Aflsal{es B lsp] B)[saUsp|{esl]sc]C
[ I Skip [{} 4 B 1{}] Skip =777 Skip
[parallelLaw-4] Allsal{ }1|{}]) Chaos =777 Chaos
[parallelLaw-5] Stop [{} | { cs|}|sallc— A=777 Stop, cecs
[ | (A<b>B)[saUsp | { cs || sc]C
=222 (Aflsa [ es b | s0] €) < B [sn | { es } | 5] C)
[parallelLaw-7] (AN B)[saUsg | {es ] sc]C
=777 (Allsal{es B Iscll )N (Blspl{esl|sc]C)
=¢ A)llsal{lesl s8] B
=225 = e; (Alsa|{ es | 55 B
if m (?) notin e, and z € s4 \ sp
[parallelLaw-9] (Waitn; A)[sa|{ csl}|ss] (Waitn; B)
=777 Waitn; (A|sa|{csl|ss] B)
[parallelLaw-10] agcsNbgcshcecs=
((a—=A)0(b—B)[[saUsp |{es]sc] C)\es
=777 ((a— Allsa[{lesb[sc] C)B(b—Blss|{esl|scllC)\es
[parallelLaw-11] a€csNbecs=
(6= A) [54] fes b | 5] ((a— A4) T (b— BY)\ es
=777 (a— (Allsa[{esb[sp] A))\es
[parallelLaw-12] a€csNbecs=
(6= A)[sa | { e [ | 56 ] (Wait d; a — A O (b— B)) \ s
=777 Waitd; (a — (Asa|{ecsl|ss]A))\ es
[parallelLaw-13] a ¢ cs=
(a— A)l[sa | { s I sp]l (b= B)
=222 a— (Allsa | { es} | 5] (b — B))

parallelLaw-3

parallelLaw-6

[parallelLaw-8]

TRl

All complicated!

3.7.8 Hiding

Laws [She006, Property 3.14, p85]:



[hidingLaw-1]
[hidingLaw-2]
[hidingLaw-3]
[hidingLaw-4]
[hidingLaw-5]
[hidingLaw-6]
[hidingLaw-7]
[hidingLaw-8]
[hidingLaw-9]
[hidingLaw-10]
[hidingLaw-11]
[hidingLaw-12]
[hidingLaw-13]
[hidingLaw-14]

All non-trivial.
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P\{}=P, P healthy

P\S\T==P\(SUT)
(PRQ\S=(P\8)M(Q\5)
(c—P)\S=c—(P\S), cg¢$§
(c—=P)\S=(P\S9), ceS

(Waitn) \ S = Waitn

Skip \ S = Skip

(P<c>Q)\ S=(P\S)<e>(Q\9)

((a — Skip) O (b — Skip)) \ {a} = (Skip O (b — Skip))
((a = P) 0 (Wait n; Q) \ {a} = P\ {a}

(P Q\S=(P\S); (Q\S)

Chaos \ S = Chaos

(z:=e)\S=(z:=¢)

agSANb¢S=
((a=P)OB—=Q))\S=(a—=(P\5)D (- (Q\S))

39



4 SLOTTED-CIRCUS—CTA INCARNATION

4 Slotted-Circus—CTA Incarnation

This section presents the CTA theory of [SheQ6, pp27-88] in the slotted- Circus framework:

4.1 Observational Variables

In CTA, a history is simply an event trace str so the history type-constructor for CTA is

[CTAHIST]  CTAE = E*

4.2 Required Definitions and Proofs

4.2.1 Defining accera

[CTA:ACC:sig] accecra i E* —PE
[CTA:ACC:def] acc(str) = elems(str)

4.2.2 Defining EQVTRCora

[CTA:ET:sig] EQVTRCers : E* - CTAE
[CTA:ET :def] EQVTRC (tr, str) = tr = str

Law:
[CTA:ET :elems] EQVTRC (tr, str) = elems(tr) = acc(str)
Proof:

EQVTRC (tr, str)
“ [CTA:ET:defs] ”

tr = str

= “ elems is a function ”
elems(tr) = elems(str)
“ [CTA:ACC:def] »

elems(tr) = acc(str)

4.2.3 Defining hnullera
[CTA:HN:sig] hnullera : E*
[CTA:HN:def] hnull = ()

Law:

[CTA:HN:null] acc(hnull) = {}
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Proof:

4.2.4

Law:

Proof:

Law:

Proof:

Law:

acc(hnull)

= “ [CTA:HN:def] ”
acc(())

= “ [CTA:ACC:def]:g40] "
elems(())

= “defn. elems”

{

Defining <¢74

[CTA:pfx:sig] =cT7a: E¥ < E*
[CTA:pfx:def] stry < stry = stry < stry

[CTA:pfx:refl] str < str = TRUE

str < str

= “ [CTA:pfx:def] ”
str < str

= “ sequence < is reflexive ”
TRUE

[CTA:pfx:trans] stry = stro A\ stry =< strs = stry < sirs

stry < stro A\ stro < strs

= “ [CTA:pfx:def] ”
stry < strg A stro < strg

= “ sequence < is transitive ”
stry < strs

= “ [CTA:pfx:def], backwards ”
strqy = strs

[CTA:pfx:anti-sym] str1 = stry A strg =X stry = stry = stry
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Proof:
stry = stry A stry X stry = stry = stry
= “ [CTA:pfx:def] ”
Strl S StTQ A St'f’g S 8tT1 = St’/‘l = StT‘Q
= “ string prefix order is anti-symmetric ”
true
Law:

[CTA:SN:pfx] hnull < str
Proof:

hnull < str
“ [CTA:HN:def] ”
() < str
= “ [CTA:pfx:def] ”
() < str
= “ property of () and <7

TRUE

Law:

[CTA:ET:pfx] stry < stry
=
Jtry, tro @ EQVTRC (try, str1) AN EQVTRC (tra, stra) A try < try

Proof (first step):

stry = stry
“ [CTA:pfx:def] ”
stry < stry [CTA:ET:pfx:hyp]

Proof (second step)—assume [CTA:ET:pfx:hyp]:

Jitry, tro @ EQVTRC (try, str1) N EQVTRC (tro, stra) A try < try
“ [CTA:ET:def]: ”

diry, try @ try = stry A try = sty A tr; < try

“ one-point rule ”
str; < stro
= “ By hypothesis: [CTA:ET:pfx:hyp] ”
TRUE
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4.2.5 Defining saddera

43

We also need to have the notion of adding and subtracting slots, obeying laws, some obvious, the
others not so:

Law:

Proof:

Law:

Proof:

Law:

[CTA:sadd:sig] saddera : E* X E* — E*
[CTA:sadd:def] sadd(stry, stra) = stry 7 stry

[CTA:sadd:events] acc(sadd(stry, stre) = acc(stry) U acc(stra)

acc(sadd(stry, stra))
“ [CTA:sadd:def] ”
acc(stry 7 stry)
« [CTA:ACC:def]:1fi0]
elems(stry ™ stry)
“ elems homomorphism ”
elems(stry) U elems(stra)
“ [CTA:ACC:def]: g0} backwards ”

acc(stry) U acc(stra)

[CTA:sadd:unit] sadd(stry, stra) = stry = (stre = hnull)

sadd(stry, stry) = stry
“ [CTA:sadd:def]: 43| ”
stry 7 stry = sty
“ seq. prop”
strg = ()
“ [CTA:SN:def]:p??, backwards ”

stro = hnull

[CTA:sadd:assoc] sadd(stry, sadd(stry, strs)) = sadd(sadd(stry, stra), strs)



4 SLOTTED-CIRCUS—CTA INCARNATION

Proof:

Law:

sadd(stry, sadd(stry, strs,))

“ [CTA:sadd:def]: 43| ”
sadd(stry, stro ™ strs)

“ [CTA:sadd:def]: 7
stry 7 (strg 7 strs))

“ ™ assoc. ”
(stry ™ stry) 7 strs

“ [CTA:sadd:def]:j43] backwards ”
sadd(stry ™ stry), strs)

“ [CTA:sadd:def]:j43] backwards ”
sadd(sadd(stry), stra), strs)

[CTA:sadd:prefix] str < sadd(str, str)

Proof:

str) =< sadd(str, str')
« [CTA:sadd:def]:1fT3) "
str < str ™ str!

“ [CTA:pfx:def]:pfd1]”
str < str " str’
“ seq property ”

TRUE

4.2.6 Defining ssubcra

44

We also need to have the notion of adding and subtracting slots, obeying laws, some obvious, the
others not so:

[CTA:ssub:sig]
[CTA:ssub:def]

Law:

[CTA:ssub:pre]

ssubega : E* x E* + E*

ssub(stry, stra) = stry — stry

pre ssub(stry, stry) = stry < stry

Here we want to show that the pre-condition above implies the definition is well-defined. First we
expand the precondition as supplied:

pre ssub(stry, stry)

“ [CTA:ssub:pre] ”
stro = stry

“ [CTA:pfx:def]:pfd1]”

stry < sty
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We now compute the precondition of ssub:

D(ssub(stry, stra))
= “ [CTA:ssub:def] ”
D(stry — strs)
= “ pre-condition for sequence-subtraction ”

stry < stry

Law:

[CTA:ssub:events] stry < stry A s’ = ssub(stry, stry)

= acc(stry) \ acc(stra) C acc(s’) C ace(stry)
We expand and simplify the antecedent:

stro < stry A\ s' = ssub(stry, str)
“ [CTA:pfx:def]:ff1] [CTA:ssub:def]:pfd4] ”
stry < stry A s’ = stry — stry [CTA:ssub:events:hyp]

Now assume the above and look at consequent:

acc(stry) \ acc(stry) C ace(s’) C ace(stry)
= “ [CTA:ACC:def]:g40] "

elems(stry) \ elems(stra) C elems(s’) C elems(stry)
= “ [CTA:ssub:events:hyp] ”

elems(stry) \ elems(stra) C elems(stry — stra) C elems(stry)

“ properties of elems w.r.t — C and \. ”
TRUE A TRUE

Law:

[CTA:ssub:self] SSub(str, str) = hnull

Proof:
SSub(str, (str,)
= “[CTA:ssub:def]:pjd4]”
str — str
= “ property of seq. sub. ”
()
= “ [CTA:HN:def]: ”
hnull
Law:

[CTA:ssub:nil] SSub(str, hnull) = str
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Proof:
SSub(str, hnull)
= “ [CTA:ssub:def]: 44} [CTA:HN:def]: 40| ”
str— ()
= “ property of seq. sub. ”
str
Law:

[CTA:SSub:same] str < str, A str < stry =
ssub(str!,, str, ref) = ssub(stry, str)

= str), = str}
Proof: the antecedent reduces by [CTA:pfx:def]:pfd1] to

str < str& N str < strl’,

ssub(str!, str) = ssub(stry, str)
“ [CTA:ssub:def]:pj44]”

/ _ /
str, — str = stry — str

“o—T=v—T=0=V"

/I /
str, = stry

Law:

[CTA:ssub:subsub] stre =X strg A stre =< stry
N stry = stry,
= ssub(ssub(strq, stre), ssub(stry, stre))

= ssub(strg, stry)
Proof: The antecedent reduces to:

str, < strg A stre < stry, A stry, < sty

ssub(ssub(stry, str..), ssub(stry, str.))
= “ [CTA:ssub:def]:pja4]”
ssub(str, — stre, stry — stre)
= “[CTA:ssub:def]:fid]”
(strq — stre) — (stry — stre)
= “ antecedents, and sequence subtraction property ”
stry, — stry,
= “ [CTA:ssub:def]: 4] backwards ”

ssub(stry, stry)
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Law:

[CTA:sadd:ssub] str < str’ =
sadd(str, ssub(str', str)) = str’

First, simplify the antecedent:

str < str’

= “ [CTA:pfx:def]:”
str < str’  [CTA:sadd:ssub:hyp]

Now, the consequent:

sadd(str, ssub(str', str))
—  “[CTA:ssub:def]:jd]”
sadd(str, str’ — str)
= “[CTA:sadd:def]:pj43]”

str ™ (str’ — str)

= “law of sequence subtraction, [CTA:sadd:ssub:hyp] ”

str!

Law:
[CTA:ssub:sadd] ssub(sadd(stry, stra), str1) = stry
Proof:

ssub(sadd(stry, stra), stry)

= “ [CTA:sadd:def]:pj43]”
ssub(stry 7 stry, stry)

= “[CTA:ssub:def]:fid]”
(stry ™ stry) — stry

= “ law of sequences ”

stro

4.2.7 Defining ssyncera

[CTA:SNC:sig] ssyncera : PE — E* X E* — P(EY)

We would like the following to hold:

ssync(cs)(stry, stra) = Sync(stry, stra, cs) as defined in [She06, p81]
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We shall follow the definition as given in [Ros97, pp69-70]:

[CTA:SNC:sym| ssync(es)(s1, s2) = ssync(cs)(s2, s1)
[CTA:SNC:def
ssync(cs)((), ()
ssync(cs)((), (a))
)

ssync(cs)(ass, bst

{0}

0 <a € cst> {{a)}

1 m

adcesNbdces = (as)(ssync(es)(s, bst)) U (b3)(ssync(cs)(ass,t))
agdcsNbeces = (as)(ssync(cs)(s, bst))

a€cs ANbédcs = (bg)(ssync(cs)(ass,t))

a€csANbecs = 0 <a#b> (as)(ssync(cs)(s,t))

The following laws need proving;:

[CTA:SNC:one] V s" € ssync(cs)(s1, hnull) e acc(s’") C acc(s1) \ cs

[CTA:SNC:only] s' € acc(ssync(cs)(s1,s2)) = acc(s’) C ace(s1) U ace(sz)
[CTA:SNC:sync] s" € acc(ssync(cs)(s1,82)) = cs Nace(s’) C es N (ace(s1) N ace(sz))
[CTA:SNC:assoc] syncset(cs)(s1)(ssync(cs)(s2, 83)) = syncset(cs)(ss)(ssync(es)(s1, s2))

4.2.8 Defining shidecTa
Finally we need to specify how to hide events in a slot:

[CTA:SHid:sig] shidecgy :PE — E* — E*
[CTA:SHid:def] shide(hdn)str = str \ hdn

Law:
[CTA:SHid:evts] acc(shide(hdn)str) = acc(str) \ hdn
Proof:

acc(shide(hdn)str)
—  “[CTA:SHid:def] »
acc(str \ hdn)
= “ [CTA:ACC:def]:p40]”
elems(str \ hdn)
= “ sequence property ”
elems(str) \ hdn
= “ [CTA:ACC:def]:J40} backwards ”
acc(str) \ hdn
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5 Slotted-Circus—MSA Incarnation

This section presents an incarnation based on the notion of an event history being a multiset (bag)
of events.

5.1 Observational Variables

In MSA, a history is simply an event bag so the history type-constructor for MSA is

[MSA:HIST]  MSAEZE + N,

5.2 Required Definitions and Proofs

5.2.1 Defining accapsa

[MSA:ACC:sig] accpmsa : ¥ —PE
[MSA:ACC:def] acc(bag) = dom(bag)

5.2.2 Defining FQVTRCnsa

[MSA:ET:sig] EQVTRCrpsa : E* < MSAE
[MSA:ET :def] EQVTRC (tr, bag) = items(tr) = bag

Law:
[MSA:ET :elems] EQVTRC(tr, bag) = elems(tr) = acc(bag)
Proof:

EQVTRC((tr, bag)
“ [MSA:ET:defs] ”
items(tr) = bag

= “ dom is a function ”

dom(items(tr)) = dom(bag)
“ [MSA:ACC:def] 7

dom(items(tr)) = acc(bag)

“ dom o items = elems ”

elems(tr) = acc(bag)

5.2.3 Defining hnulirisa

[MSA:HN:sig] hnulipsa - E*
[MSA:HN:def] hnull = ]
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Law:
[MSA:HN:null] acc(hnull) = {}
Proof:
acc(hnull)
= “ [MSA:HN:def] ”
acc([[]}))
—  “[MSA:ACC:def]:{I9)”
ran([[])
= “defn. ran,[] 7
{}

5.2.4 Defining <54

[MSA:pfx:sig] <msa: B < EF
[MSA:pfx:def] bag; = bags = bag; C bago

Law:
[MSA:pfx:refl] bag < bag = TRUE
Proof:
bag < bag
= “ [MSA:pfx:def] ”
bag C bag
= “ bag C is reflexive ”
TRUE
Law:
[MSA:pfx:trans] bagy = bags A bags = bags = bagy < bags
Proof:

bagi = baga A baga = bags
“ [MSA:pfx:def] ”
bagi C bagz N bags T bags

= “ bag C is transitive ”
bagr C bags

“ [MSA:pfx:def], backwards ”
bagr = bags
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Law:

[MSA:pfx:anti-sym] bagr =< bags A bags < bagy = bagi = bags

Proof:
bagi = bags A bags = bagy = bagi = bago
= “ [MSA:pfx:def] ”
bagy C bags A bags C bagy = bagy = bage
= “ sub-bag relation is anti-symmetric ”
true
Law:

[MSA:SN:pfx] hnull < bag
Proof:

hnull < bag
“ [MSA:HN:def] ”

[ = bag
“ [MSA:pfx:def] ”

[] € bag
“ property of [[] and C 7

TRUE

Law, which in this case can be strengthened to an equivalence:

[MSA:ET:pfx] bagy =< bago

Atry, tro @ EQVTRC (tr1, bag1) N EQVTRC (tr2, bags) N try < tro
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Proof:
bag, = bago
= “ [MSA:pfx:def]:pf50] ”
bagy C bago

“ bag property ”
dbaga e bags = bagy @ baga

“ bag property: V bag e 3 tr e items(tr) = bag ”
Fbaga, tra, tr, e bags = bagy @ baga A items(tra) = baga A items(try) = bagy

»

“ One-point rule backwards try = tr; 7 tra

Jbaga, tra, try, tre ® bags = bagy @ baga A items(tra) = baga N items(try) = bagy A tro = tr1 7 tra

“ One-point rule baga, Liebniz bag; ”

Jtra, try, tra e bage = items(try) @ items(tra) A items(try) = bagy A tra = try 7 tra

“ items is a sequence homomorphism ”

Jitra, try, tro @ bags = items(tra) A bagy = items(try) A tro = try 7~ tra

“ sequence property ”
dtra, try, tra e bage = items(tra) A bagy = items(try) A tra = tro — try

b2

“ One point rule: tra, requires definedness of tro — try
Jitry, tro ® bage = items(tra) A bagy = items(try) N try < try

“ [MSA:ET:def]:pj49] backwards ”
Atry, tro @ EQVTRC (tr2, baga) N EQVTRC (tr1, bagy) A try < tro

5.2.5 Defining saddaisa

We also need to have the notion of adding and subtracting slots, obeying laws, some obvious, the
others not so:

[MSA:sadd:sig] saddpmsa : E* x E* — E*
[MSA:sadd:def] sadd(bagy, bage) = bag; ® bags

Law:
[MSA:sadd:events| acc(sadd(bagy, bags) = acc(bagy) U acc(bags)
Proof:

acc(sadd(bagy, bags))
= “ [MSA:sadd:def] ”
acc(bagy @ bags)
= “ [MSA:ACC:def]: 49| ”
dom(bag; ® bags)
= “ elems homomorphism ”
dom(bagy) U dom(bags)
= “ [MSA:ACC:def]:449] backwards ”

acc(bagy ) U acc(bags)
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Law:
[MSA:sadd:unit] sadd(bagy, baga) = bagy = (bags = hnull)
Proof:

sadd(bagy, bags) = bag
“ [MSA:sadd:def]:pf52] ”
bagy & bago = bagy
“ seq. prop”
baga = []
“ [MSA:SN:def]:p??, backwards ”
bago = hnull

Law:
[MSA:sadd:assoc] sadd(bagy, sadd(bags, bags)) = sadd(sadd(bagy, bags), bags)
Proof:

sadd(bagy, sadd(bags, bags, ))

= “[MSA:sadd:def]:p52] "
sadd(bagi, bags ® bags)

= “ [MSA:sadd:def]:pf52] ”
bagi & (bagz & bags))

= “ @ assoc. ”
(bagi @ bags) @ bags

= “ [MSA:sadd:def]:pf52] backwards ”
sadd(bag; ® bags), bags)

= “ [MSA:sadd:def]:pf52] backwards ”
sadd(sadd(bagy ), baga), bags)

Law:
[MSA:sadd: prefix] bag = sadd(bag, bag)
Proof:

bag = sadd(bag, bag")

“ [MSA:sadd:def]:pf52] ”
bag < bag @ bag’

“ [MSA:pfx:def]:p50] ”
bag C bag @ bag’

“ bag property ”

TRUE
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5.2.6 Defining ssubasa

We also need to have the notion of adding and subtracting slots, obeying laws, some obvious, the
others not so:

[MSA:ssub:sig] ssubpsa s E¥ X E* -+ E*
[MSA:ssub:def] ssub(bagy, baga) = bagy © bags

Law:
[MSA:ssub:pre] pre ssub(bag, bags) = bags = bag;

Here we want to show that the pre-condition above implies the definition is well-defined. First we
expand the precondition as supplied:

pre ssub(bag, baga)
= “ [MSA:ssub:pre] ”

bags < bag:
= “ [MSA:pfx:def]:p50] ”
bags C bagy

We now compute the precondition of ssub:

D(ssub(bagy, bags))
“ [MSA:ssub:def] ”
D(bagy © bags)
“ pre-condition for sequence-subtraction ”

bags T bagy

Law:

[MSA:ssub:events] bago =< bagy A s’ = ssub(bagy, bags)
= acc(bagy) \ acc(bags) C acc(s’) C acc(bagy)

We expand and simplify the antecedent:

baga < bagy A s’ = ssub(bagy, bags)
“ [MSA:pfx:def]:pf50] [MSA:ssub:def]:pf54] ”
bags C bagy A s’ = bag) © bags [MSA:ssub:events:hyp]

Now assume the above and look at consequent:

acc(bagy) \ acc(bage) C acc(s’) C acc(bagy)
“ [MSA:ACC:def]: 49| ”

dom(bagy) \ dom(bagz) C dom(s’) C dom(bag;)
“ [MSA:ssub:events:hyp] ”

dom(bagy) \ dom(bage) C dom(bag; © bags) C dom(bagy)
“ properties of dom w.r.t ©,C and \. ”

TRUE A TRUE
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Law:
[MSA:ssub:self] SSub(bag, bag) = hnull
Proof:
SSub(bag, bag)
= “ [MSA:ssub:def]:f54] ”
bag © bag
= “ property of seq. sub. ”
Il
= “ [MSA:HN:def]:pf9] ”
hnull
Law:
[MSA:ssub:nil] SSub(bag, hnull) = bag
Proof:
SSub(bag, hnull)
= “ [MSA:ssub:def]:J54] [MSA:HN:def]: 49| "
bag & [
= “ property of seq. sub. ”
bag
Law:

[MSA:SSub:same] bag = bag. A bag = bag; =
ssub(bagl,, bag, ref) = ssub(bagy,, bag)
= bag) = bag,
Proof: the antecedent reduces by [MSA:pfx:def]:g50] to
bag C bag., A bag C bag;

ssub(bag.,, bag) = ssub(bagy,, bag)
“ [MSA:ssub:def]:J54] ”
bag!, © bag = bag;, © bag

“oorT=veT=0=v"

bagg = bag,

Law:

[MSA:ssub:subsub] bag. = bag, N bag. =< bagy
A bagy = baga
= ssub(ssub(bagq, bag.), ssub(bagy, bag.))
= ssub(bag,, bagy)
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Proof: The antecedent reduces to:

bag. C bag, A bag. C bagy N bagy C bag,

ssub(ssub(bag,, bag.), ssub(bagy, bag..))
= “ [MSA:ssub:def]:f54] ”
ssub(bag, © bag., bagy © bag.)
= “[MSA:ssub:def]:p54]”
(baga © bag.) © (bagy © bag.)
= “ antecedents, and sequence subtraction property ”
bag, © bagy
= “ [MSA:ssub:def]:J54] backwards ”
ssub(bagq, bagy)

Law:

[MSA:sadd:ssub] bag < bag’ =
sadd(bag, ssub(bag’, bag)) = bag’
First, simplify the antecedent:

bag = bag’

“ [MSA:pfx:def]:p50] ”
bag C bag’ [MSA:sadd:ssub:hyp]

Now, the consequent:

sadd(bag, ssub(bag’, bag))
= «[MSA:ssub:def]:54]”
sadd(bag, bag’ © bag)
“ [MSA:sadd:def]:J52] 7
bag @ (bag' © bag)
= “law of bag subtraction, [MSA:sadd:ssub:hyp] ”

/

bag
Law:
[MSA:ssub:sadd] ssub(sadd(bag, bags), bag,) = bage
Proof:
ssub(sadd(bagy, baga), bagy)
« [MSA:sadd:def]: /52 "
ssub(bagr ® baga, bag)
= “ [MSA:ssub:def]:f54] ”
(bagr @ bagz) © bagy
= “law of bags ”

bags
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5.2.7 Defining ssyncaisa

[MSA:SNC:sig] ssyncpsa :PE — E* x E* — P(E™)

We simply work with bag restriction, removal sum and intersection, and return a singleton set:

[MSA:SNC:sym] ssync(ces)(bagy, baga) = ssync(cs)(baga, bagy)
[MSA:SNC:def]
ssync(cs)(bagr, bage) = {(cs < (bags ® baga)) ® (cs < (bagy N baga))}
where N is bag interesection

The following laws need proving:

[MSA:SNC:one] Vs € ssync(cs)(s1, hnull) @ acc(s’) C acc(s1) \ cs
[MSA:SNC:only] s" € acc(ssync(cs)(s1, 82)) = ace(s’) C ace(s1) U ace(sz)
[MSA:SNC:sync]

]

[MSA:SNC:assoc

s € acc(ssync(cs)(s1, 82)) = cs Nacc(s’) C es N (acc(s1) N ace(s2))

syncset(cs)(s1)(ssync(cs)(s2, 83)) = syncset(es)(sz)(ssync(ces)(s1, s2))

The first three can be strengthened to equalities.

5.2.8 Defining shider(sa

Finally we need to specify how to hide events in a slot:

[MSA:SHid:sig] shidepmsa : PE — E* — E*
[MSA:SHid:def] shide(hdn)bag = hdn < bag

Law:
[MSA:SHid:evts] acc(shide(hdn)bag) = acc(bag) \ hdn
Proof:
acc(shide(hdn)bag)
= “ [MSA:SHid:def] ”

acc(hdn <4 bag)
= “ [MSA:ACC:def]: 49| ”
dom(hdn < bag)
= “ bag property ”
dom(bag) \ hdn
= “ [MSA:ACC:def]: 19| backwards ”
acc(bag) \ hdn
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6 Slotted-Circus—SA Incarnation

This section presents an incarnation based on the notion of an event history being a set of events.

6.1 Observational Variables

In SA, a history is simply an event set so the history type-constructor for SA is

[SAHIST]  SAEZPE

6.2 Required Definitions and Proofs

6.2.1 Defining accsy

[SA:ACC:sig] accsy : E* - PE
[SA:ACC:def] acc(evts) = evts

6.2.2 Defining EQVTRCsqy

[SA:ET:sig]  EQVTRCss: E* < SAE

[SA:ET :def] EQVTRC (tr, evts) = elems(tr) = evts

Law:

[SA:ET:elems] EQVTRC (tr, evts) = elems(tr) = acc(euvts)

Proof:

EQVTRC (tr, evts)
= “ [SA:ET:defs] ”
elems(tr) = evts

“ [SA:ACC:def] ”

elems(tr) = acc(euvts)

6.2.3 Defining hnullisy

[SA:HN:sig] hnullsg : P E
[SA:HN:def] hnull = {}
Law:

[SA:HN:null] acc(hnull) = {}
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Proof:

acc(hnull)
= “ [SA:HN:def] ”
acc({}))
“ [SA:ACC:def]: 58]
{}

6.2.4 Defining <gs4

[SA:pfx:sig] <sa:PE —PEFE

[SA:pfx:def] evts; = evtss = evts; C evtso
Law:

[SA:pfx:refl] evts < evts = TRUE

Proof:

evts < evts
“ [SA:pfx:def] ”

evts C evts

“ C is reflexive ”

TRUE

Law:
[SA:pfx:trans] evts; =X evtss N\ evtsy = evtss = evts; =X evtss
Proof:

evts] = evtsy N\ evtsy =X evtss
“ [SA:pfx:def] 7

evtsy C evtsy A evtsy C evtss

= “ C is transitive ”
evts; C evtss
“ [SA:pfx:def], backwards ”

evts; = evtss

Law:

[SA:pfx:anti-sym] evts; = evtss A evtsy < evtsy = evts; = euvtsy
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Proof:
evts) = evtsy N evtsy X evts; = evis; = evtsy
= “ [SA:pfx:def] ”
evts; C evlsy N evtsy C evts; = evts; = evtss
= “ subset relation is anti-symmetric ”
true
Law:

[SA:SN:pfx] hnull < euvts
Proof:

hnull < evts
“ [SA:HN:def] ”
{} = euvts
“ [SA:pfx:def] ”
{} C euvts
“ property of {} and C”

TRUE

Law, which in this case can be strengthened to an equivalence:

[SA:ET:pfx] evts; = evtsy

Ftry, tro @ EQVTRC (try, evtsy) A EQVTRC (tra, evtsy) A try < try
Proof (Rhs implies Lhs):

Itry, tro @ EQVTRC (try, evtsy) AN EQVTRC (tra, evtsy) A try < try
“ [SA:ET:def]:f58] s < t = elem(s) C elems(t) ”

Firy, tro e elems(tr)) = evts; A elems(tre) = evise A try < trg A elems(try) C elems(try)
“ Liebniz ”

Jitry, tro e elems(try) = evts; A elems(tra) = evtsa A try < tra A evtsy C evtsy

= “ Move last conjunct out of quantifier ”
(Ftry, try @ elems(try) = evtsy A elems(try) = evtsy A try < tra) A evts; C evtso
= “ weaken conunct ”

evts; C evtsy

(Lhs implies Rhs): Intuitively true, but difficult to prove (277 ). Note that this is the direction
we require.
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6.2.5 Defining saddsy

We also need to have the notion of adding and subtracting slots, obeying laws, some obvious, the
others not so:

[SA:sadd:sig] saddsy :PEXPE —-PE
[SA:sadd:def] sadd(evtsy, evtsy) = evts; U evtsy

Law:
[SA:sadd:events] acc(sadd(evtsy, evtsy) = acc(evtsy) U acc(evtss)
Proof:
acc(sadd(evtsy, evtss))
= “ [SA:sadd:def] ”
evts; U evtss)
= “ [SA:ACC:def]:p58] backwards ”
acc(evtsy) U acc(evtss)
Law:

[SA:sadd:unit] sadd(evtsy, evtsy) = evts; = (evtsy = hnull)

Not true — simplest counterexample is evts; = evtss.

Law:
[SA:sadd:assoc] sadd(evtsy, sadd(evtsy, evtsg)) = sadd(sadd(evtsy, evtss), evtss)
Proof:

sadd(evtsy, sadd(euvtsy, evtss, ))
= “[SA:sadd:def]:p61]”
sadd(evtsy, evtsy U evtss)
= “[SA:sadd:def]:f51]”
evts; U (evtsy U evtss))
= “ U assoc. ”
(evts; U evtsy) U euvtss
= “ [SA:sadd:def]:J61} backwards ”
sadd(evts; U evtsy), evtss)
= “ [SA:sadd:def]:J61] backwards ”

sadd(sadd(evtsy), evtsy), evtss)
Law:

[SA:sadd:prefix] evts = sadd(evts, evts)
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Proof:

evts < sadd(evts, evts')

“ [SA:sadd:def]:1f61]

evts < evts U evts’

“ [SA:pfx:def]: ”

evts C evts U evts’

“ set property ”
TRUE

6.2.6 Defining ssubsy

We also need to have the notion of adding and subtracting slots, obeying laws, some obvious, the
others not so:

[SA:ssub:sig] ssubsy :PEXPE +PE

[SA:ssub:def] ssub(evtsy, evtsy) = evtsy \ evtss
Law:
[SA:ssub:pre] pre ssub(evtsy, evtsy) = evtsy =X evts;

Here we want to show that the pre-condition above implies the definition is well-defined. First we
expand the precondition as supplied:

pre ssub(euvtsy, evtsy)
= “ [SA:ssub:pre] 7
evtsy = evtsy
“ [SA:pfx:def]:d59] ”

evtsy C evtsy

We now compute the precondition of ssub:

D(ssub(euvtsy, evtss))
= “ [SA:ssub:def] ”
D(evts; \ evtss)
= “ pre-condition for sequence-subtraction ”

TRUE

We find that SSub is in fact total.

Law:

[SA:ssub:events] evtsy < evts; A s’ = ssub(evtsy, evtsy)

= acc(evtsy) \ acc(evtsy) C ace(s’) C acc(evtsy)
We expand and simplify the antecedent:

evtsy =X evts; A s’ = ssub(evtsy, evtss)

= “ [SA:pfx:def]:p59] [SA:ssub:def]:pf62] ”

evtss C evts) A s’ = evtsy \ evtsy [SA:ssub:events:hyp]
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Now assume the above and look at consequent:

acc(evtsy) \ acc(evtsy) C ace(s’) C acc(evtsy)
= “ [SA:ACC:def]: 58]

evtsy \ evtso C s C evts;
= “ [SA:ssub:events:hyp] 7

evtsy \ evtsy C evtsy \ evtsy C evts;

“ properties of \ and C. ”

TRUE A TRUE

Law:
[SA:ssub:self] SSub(evts, evts) = hnull
Proof:

SSub(evts, evts)

“ [SA:ssub:def]:J62] 7

evts \ evts

“ property of set sub. ”
{3

“ [SA:HN:def]:j58] ”
hnull

Law:
[SA:ssub:nil] SSub(evts, hnull) = evts
Proof:

SSub(evts, hnull)
“ [SA:ssub:def]: 62} [SA:HN:def]: 45| ”
evts \ {}

“ property of set sub. ”

evts
Law:

[SA:SSub:same] evts < evts, A evts < evts; =

ssub(evts! , evts, ref) = ssub(evts,, evts)

= evts, = evts;,
Proof: the antecedent reduces by [SA:pfx:def]: 59| to

evts C euvts,, A evts C euts,
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ssub(evts,,, evts) = ssub(evtsy,, evts)
“ [SA:ssub:def]:62] 7
evts! \ evts = euts;, \ evts
= “S\T=U\T=S=U,when TCS,U."

!’ /
evts, = evts,

Here we see that the precondition is important, as this property does not hold otherwise.

Law:

[SA:ssub:subsub] evts, < evts, N evts, = euvtsy,
N evtsy = evts,
= ssub(ssub(evts,, evts,), ssub(evtsy, evts.))

= ssub(evts,, evtsy)
Proof: The antecedent reduces to:

evts, C evts, N evts. C evtsy N evtsy, C evts,

ssub(ssub(evts,, evts.), ssub(evtsy, evts.))

= “[SA:ssub:def]:62]”

ssub(evts, \ evts., evtsy \ evts.)

= “ [SA:ssub:def]: 62| ”
(euvts, \ evts.) \ (evtsy \ evts.)

= “ antecedents, and set properties ”
evts, \ evtsy

= “[SA:ssub:def]:[J62] backwards ”

ssub(evts,, evtsy)
Law:

[SA:sadd:ssub] evts < evts’ =

sadd(evts, ssub(evts’, evts)) = evts’
First, simplify the antecedent:

evts < euts’

= “ [SA:pfx:def]:f59] ”

evts C evts’ [SA:sadd:ssub:hyp]

64
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Now, the consequent:

sadd(evts, ssub(evts’, evts))

= “ [SA:ssub:def]:J62] 7

sadd(evts, evts’ \ evts)
= “ [SA:sadd:def]:J61] "
evts U (evts” \ evts)
= “law of set subtraction, [SA:sadd:ssub:hyp] ”

evts’
Law:
[SA:ssub:sadd] ssub(sadd(evtsy, evtss), evtsy) = evtsy

Proof:

ssub(sadd(evtsy, evtss), evtsy)

= “[SA:sadd:def]:f61]”

ssub(evts; U evtsq, evtsy)
= “ [SA:ssub:def]:J62] "
(evts; U evtsy) \ evtsy
= “law of bags ”

evtsy

6.2.7 Defining ssyncsg

[SA:SNC:sig] ssyncsa :PE —-PEXxPE —P(PE)

We simply work with evts restriction, removal sum and intersection, and return a singleton set:

[SA:SNC:sym| ssync(cs)(evtsy, evtsa) = ssync(cs)(evtss, evtsy)
[SA:SNC:def]
ssync(cs)(evtsy, evtse) = {((evts; U evtsz) \ ¢s) U ((evtsy N evtsz) N cs)}

The following laws need proving:

[SA:SNC:one]

[SA:SNC:only] s' € acc(ssync(cs)(s1, s2
[SA:SNC:sync] s" € acc(ssync(cs)(s1, s2
[SA:SNC:assoc]

Vs’ € ssync(cs)(s1, hnull
)
)

syncset(cs)(s1)(ssync(cs

~

e acc(s’) C acc(sy) \ cs

= acc(s’) C acc(s1) U acc(sq)

= csNace(s’) C es N (ace(sy) N ace(s2))
(s2,83)) = syncset(cs)(s3)(ssync(cs)(s1, s2))

= — —

The first three can be strengthened to equalities.
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6.2.8 Defining shidesy
Finally we need to specify how to hide events in a slot:

[SA:SHid:sig] shidesq :PE —PE —-PE
[SA:SHid:def] shide(hdn)evts = euvts \ hid

Law:
[SA:SHid:evts| acc(shide(hdn)evts) = acc(euvts) \ hdn
Proof:
acc(shide(hdn)evts)
= “ [SA:SHid:def] ”

acc(evts \ hid)

= “ [SA:ACC:def]: 58]
evts \ hid

= “ [SA:ACC:def]: 58] backwards ”
acc(euvts) \ hdn
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A Slotted-Circus Foundation Proofs

A.1 Proofs for Derived Definitions

A.1.1 Proof
Of [ETs:sngl]:d1§]

EQVTRACE(tr, (slot)) = EQVTRC(tr, slot)

EQVTRACE(tr, (slot))
“ list cons notation ”

EQVTRACE(tr, slot 5 ()
“ [ETs:def:cons]:p18|”

dtry @ tro < tr A EQVTRC (try, slot) N EQVTRACE (tr — tro, ()
“ [ETs:def:nil]:pf18]”

Jtrg e trg < tr AN EQVTRC (try, slot) A tr — trg = ()
“o—1T=(=0c=1"

Jtrg e trg < tr A EQVTRC (tro, slot) A tr = trg
“ one-point rule on try ”

tr < tr AN EQVTRC(tr, slot)
“ simplify ”

EQVTRC (tr, slot)

67
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A.1.2 Proof
of [ETs:cat]:p1§

EQVTRACE((trg, slots,) N EQVTRACE(try, slotsy)
=
EQVTRACE (tr, ™ try, slots, — slotsy)

Proof: by induction on structure of slots,.

Base case:
EQVTRACE((try,()) N EQVTRACE((tr, slotsy)
=
EQVTRACE((try, ™ try, () 7 slotsy)

EQVTRACE((try,()) N EQVTRACE((try, slotsy) = EQVTRACE (tr, ™ try, () ~ slotsy)
“ [ETs:def:nil]:pf18] () is unit for ™~

tro = () N EQVTRACE(try, slotsy) = EQVTRACE (try, ™ try, slotsy)
“ Liebniz, tr, = () 7

tro = () N EQVTRACE((try, slotsy) = EQVTRACE({) ™ try, slotsy)

”

“ () is unit for 7
tro = () N EQVTRACE(try, slotsy) = EQVTRACE(try, slotsy)
“ANB=B"
TRUE

Inductive step, assume:

EQVTRACE(tr,, slotsq) N EQVTRACE((try, slotsy)
= [prf:ETs:cat:hyp]
EQVTRACE (tr, ™ try, slots, — slotsy)

Show:
EQVTRACE((tr., slot g slots,) N EQVTRACE((try, slotsy)

=
EQVTRACE((tr. ™ try, slot s slots, ™ slotsy)
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EQVTRACE(tr., slot g slotsq) N EQVTRACE((try, slotsy)
= EQVTRACE((tr. "~ try, slot 3 slots, ~ slotsy)
“ [ETs:def:cons]:p18|”
(Ftrg e try < tre N EQVTRC (try, slot) N EQVTRACE (tr. — try, slots,))
A EQVTRACE(try, slotsy)
= EQVTRACE((tr. "~ try, slot 3 slots, ~ slotsy)
“ tro not free in EQVTRACE (try, slotsy) ”
(Ftrg e
tro < tre AN EQVTRC (trg, slot)
AN EQVTRACE(tr. — try, slotsq) N EQVTRACE((try, slotsy))
= EQVTRACE((tr. " try, slot g slots, ™ slotsy)
“(3z e P(z)) = Q equivales (Vz e P(z) = Q)”
Virg e
tro < tre N EQVTRC (try, slot)
N EQVTRACE (tr. — try, slotsq) N EQVTRACE (try, slotsy)
= EQVTRACE (tr. " try, slot g slots, ™ slotsy)
“ assume univ. quant. over free vars ”
tro < tre N EQVTRC (iry, slot)
AN EQVTRACE(tr, — try, slotse) AN EQVTRACE((try, slotsy)
= EQVTRACE (tr. " try, slot g slots, ™ slotsy)
“ introduce tr, = tr. — trg, and hence tr. = tro " tr,
tro < trg " try AN EQVTRC(try, slot)
AN EQVTRACE(tr,, slots,) N EQVTRACE (try, slotsy)
= EQVTRACE((try " try, — try, slot g slots, ~ slotsy)
“ [ETs:def:cons]:pl8|”
tro < trg " try AN EQVTRC(try, slot)
N EQVTRACE(tr,, slots,) N EQVTRACE (try, slotsy)
=
Jiry @ try < trg " try, T try
N EQVTRC(try, slot)
AN EQVTRACE((trg ™ trg ~ try — try, slots, — slotsy)
“P= (3z e Q(z)) equivales (Jz o P = Q(z))”
dtry e
tro < tro " try AN EQVTRC (try, slot)
AN EQVTRACE((try, slots,) N EQVTRACE (try, slotsy)
=

”

try < trg " try T try
N EQVTRC (try, slot)
N EQVTRACE (trg ™ try ™ try — try, slots, 7~ slotsy)
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At this point we introduce:

P(try,tro) = try <trg " tro N EQVTRC (try, slot)

N EQVTRACE (trg, slotsy) N EQVTRACE (try, slotsy)
=
try < trg " try T try
N EQVTRC (try, slot)
AN EQVTRACE((trg ™ trg ™ try — try, slots, — slotsy)

We now continue our proof as:

Itry @ P(try, try) by definition just given
“ case split on try = trg ”

Itry e try = trg A P(try, tro) V try # tro A P(try, trg)
“v —3 distr. 7

(try @ try = trg A P(try, trg)) V (3 try e try # trg A P(try, trg))
“ one-point rule ”

P(tro, tro) V (T try @ try # trg A P(try, try))
“ [prf:ETs:cat:lemma:g71] ”

TRUE V (3 try  try # trg A P(try, tro))
“ simplify ”

TRUE
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We need to show the following lemma:

Proof:

P(try, try) = TRUE [prf:ETs:cat:lemma]

P(tro, tro)
“ defn. of P above”
tro < trg " try AN EQVTRC(try, slot)
A EQVTRACE(trq, slots,) A EQVTRACE (try, slotsy )
=
tro < trg " trg T trp
N EQVTRC (try, slot)
AN EQVTRACE((trg ™ trg ~ try — tro, slotsg — slotsy)
“o<oT..,a"fB—-—a=p"
EQVTRC (try, slot) N EQVTRACE((tr,, slotss) N EQVTRACE((try, slotsy)
=
EQVTRC (trg, slot) N EQVTRACE (tr, ™ try, slotsq — slotsy)
“ANB= AN C equivales ANB=C"”
EQVTRC (try, slot) N EQVTRACE((tr,, slotse) N EQVTRACE((try, slotsy)
= EQVTRACE((tr, ™ try, slots, ~ slotsy)
“A A B = C equivales A = (BimpliesC ”
EQVTRC (try, slot) =
( EQVTRACE((try, slots,) N EQVTRACE (try, slotsy)
= EQVTRACE((tr, " try, slots, ~ slotsy) )
“ [prf:ETs:cat:hp]:p?? 7
EQVTRC (try, slot) = TRUE
“ simplify ”
TRUE
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A.1.3 Proof

of [ETs:elems]:p1§

#slots
EquTraces(tr, slots) = elems(tr) U {acc(slots(1))}
i€l
Proof by structural induction on slots.
Base case slots = ():
EquTraces(tr,()) = elems(tr) U{acc
i€l
= ¢ [ETs:defnil]: 18] #(} =0"
tr = () = elems(tr) U{acc
i€l
= “ Liebniz, tr — (), null index range ”
0
elems(()) = (J{}
icl
= “ defn. elems, U ?
=14
= “ reflexivity of ="
TRUE
Inductive step, assuming
#slots
EquTraces(tr, slots) = elems(tr) U {acc(slots(i))} [prf:ETs:elems:hyp]
i€l

to show

#(slot8slots)

EquTraces(tr', slot g slots) = elems(tr') = U {acc((slot ¢ slots)(i))}
i€l
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EquTraces(tr', slot g slots)
#(slot3slots)
= elems(tr') = U {ace((slot g slots)(i))}
i€l
“ defns. of # and list indexing ”
EquTraces(tr', slot g slots)
#(slots)+1
= elems(tr') = U {acc(slot <1i = 11> slots(i — 1))}
i€l
“ range split, re-indexing, eval. conditional ”
EquTraces(tr', slot s slots)
#slots

= elems(tr') = acc(slot) U {acc(slots(i))}
i€l
“ [ETs:def:cons|:y18|”
(Jtrg e
tro < tr'
N EQVTRC (try, slot) A EquTraces(tr’ — try, slots) )
#slots
= elems(tr') = acc(slot) U {acc(slots(i))}
i€l
“(dreP)=Q=VzeP= Q,dropV"”
trg < tr'’
A EQVTRC (trg, slot) A EquTraces(tr’ — trg, slots)
#slots
= elems(tr') = acc(slot) U {acc(slots(i))}
i€l
“introduce tr = tr' — try ”
t’f'() S t?"/
N EQVTRC (try, slot) A EquTraces(tr, slots)
#slots
= elems(tr') = acc(slot) U U {acc(slots(i))}
i€l

”

“tr' =ty D tr
tro < trog " tr
N EQVTRC (try, slot) A EquTraces(tr, slots)
#slots
= elems(trg ™ tr) = acc(slot) U U {acc(slots(i))}
i€l

[13

o <o "1, defn. elems”
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EQVTRC (trg, slot) A EquTraces(tr, slots)
#slots
= elems(try) U elems(tr) = acc(slot) U U {acc(slots(i))}

i€l
“ [ET:elems]:p17]”
EQVTRC (try, slot) A elems(trg) = acc(slot) N EquTraces(tr, slots)
#slots
= elems(try) U elems(tr) = acc(slot) U {acc(slots(i))}
€1
“ Liebniz, elems(trg) = acc(slot) ”
EQVTRC (try, slot) A EquTraces(tr, slots)
#elots
= acc(slot) U elems(tr) = acc(slot) U {acc(slots(i))}
i€l
« [prf:ETs:eIems:hyp]: ”
EQVTRC (trg, slot) A EquTraces(tr, slots)

#slots
A elems(tr) = U {acc(slots(i))}
i€l
#slots
= acc(slot) U elems(tr) = acc(slot) U U {acc(slots(i))}
S

”

“ Liebniz, elems(tr) =
EQVTRC (try, slot) A EquTraces(tr, slots)
#slots
A elems(tr) U {acc(slots(i))}

i€l
#slots #slots

= acc(slot) U {acc(slots(i))} = acc(slot) U {acc(slots(i))}

€1 i€l
“ reflexivity of ="

EQVTRC (try, slot) A EquTraces(tr, slots)

#slots
A elems(tr) U {acc(slots(i))}
€1
= TRUE
“ simplify ”
TRUE
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A.1.4 Proof

of [ETs:null]: 18]
EquTraces((), slots) =Vi € 1...#slots « EQVTRC((), slots(i))

Proof by structural induction on slots.

Base case slots = ()

EquTraces((),()) =Viel...4#() ¢« EQVITRC((), ()(i))
“ [ETs:def:nil]:ffI8] and {1...#()} =0"
() =( =Viec0e EQVTRC((), ()(i))
= “refl. of =, Vz :() @ P =TRUE”
TRUE = TRUE

= “ simplify ”
TRUE

Inductive case, assuming

EquTraces((), slots) =V i € 1...#slots @« EQVTRC((), slots(z)) [prf:ETs:null:hyp]
to show

EquTraces((), slot s slots) =V i € 1...#(slot g slots) ¢ EQVTRC((), (slot g slots)(i))
We start with the lhs, to simplify:

EquTraces((), slot s slots)

=  “[ETs:def:cons|:{1§”

Ftrg e trg < () A EQVTRC (try, slot) N EQVTRACE(() — try, slots)
o=

Jtry @ trg = () AN EQVTRC (try, slot) N EQVTRACE({) — tro, slots)
“ one-point rule, tro = (), () — () = ()"

EQVTRC((), slot) N EQVTRACE((), slots)
« [prf:ETs:nuII:hyp]: ”

EQVTRC((),slot) AVi € 1...#slots e EQVTRC((), slots(i))
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We now look at the rhs:

Viel...#(slotsslots) e EQVTRC((), (slot g slots)(i))

= “ defn. #,sequence indexing ”

Viel.. . #slots+1e EQVTRC({), (slot <i = 1> slots(i — 1)))
“range split 1| 2...#slots+17

Vie{l} ¢ EQVTRC((), (slot <i = 11> slots(i — 1)))

A\

Vi€2...#slots+1e EQVTRC((), (slot <i = 1> slots(i — 1)))
“ simplify for i =1, and let j =i —17"

EQVTRC((), slot) A

Vj—1€2...#slots+1e EQVTRC((), (slot <j + 1 = 1> slots((j +1 —1)))
“ simplify, noting j +1#17"

EQVTRC((), slot) AVj € 1...#slots ¢« EQVTRC({), slots(7))

The lhs and rhs are the same, modulo a-substitution.
O
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A.1.5 Proof

of [EX:subseq]:H19|

slots, < slots, = slots, < slotsy,
Proof by induction on rules for <, noting that slots are non-empty

Base case slots, = (slot)

(slot) < slot s slots, = (slot) < (slot s slotsy)
= “defn. <, TRUE= A=A4"
(slot) < (slot s slotsy)
“ [EX:def]:d19]”
front((slot)) < (slot s slotsy) A last((slot)) =< (slot g slotsy)(F#(slot))
“ defns: front, last # 7
() < (slot g slotsy) A slot = (slot s slotsy)(1)
“() <zs... defn. indexing ”
TRUE A slot = slot
“ [pfx:refl]:fL7] 7

TRUE A TRUE

“ simplify ”
TRUE
Inductive step, assuming [prf:EX:subseq:hyp], slots, < slots, = slots, < slots, to show

slot g slots, < slot g slots, = slot g slots, < slot g slotsy,

slot g slots, < slot g slotsy = slot g slots, < slot g slots,
“ defn S’ < 9
slots, < slotsy, =

front(slot s slots,) < slot g slotsy,
A last(slot s slots,) = (slot 8 slotsy)(F#(slot g slots,))
“ defn front, last, # 7

slots, < slots, =

slot g front(slots,) < slot g slotsy,
A last(slots,) = (slot g slotsy)(#(slots,) + 1)

“ defn. <, indexing ”

slots, < slotsy, =

front(slots,) < slotsy A last(slots,) = slotsy(#slots,)
“ [EX:def]:pf19] backwards

slots, < slots, = slots, < slotsy
“ [prf:EX:subseq:hyp]:f77]”

TRUE

7
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A.1.6 Proof

of [EX:refl]:H19]

slots < slots

slots < slots
« [EX:def]:fI9]

front(slots) < slots A last(slots) = slots(#slots)
“ property of front ”

TRUE A last(slots) < slots(#slots)
“last(o) = o(#0)”

TRUE A last(slots) < last(slots)
“ [pfxrefl]:d17]”

TRUE A TRUE
“ simplify ”

TRUE
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A.1.7 Proof

of [EX:trans]:p19

slots, < slotsy A slotsy, < slots, = slots, < slots,

First expand the antecedent out:

slots, < slotsy A slotsy < slots.
“ [EX:def]:f19]”
front(slots,) < slotsy A last(slots,) = slotsy(#slots,)
N
front(slotsy) < slots. A last(slotsy) = slots.(#slotsy)
“ reorganise ”
front(slots,) < slotsy A front(slotsy) < slots,.
N
last(slots,) = slotsy(F#slots,) N last(slotsy) = slots.(F#slotsy)
“ [Seq:FrontLT:trans|:f215] "
front(slots,) < slotsy A front(slotsy) < slots. A front(slots,) < slots.
N
last(slotsg) = slotsy(F#slots,) A last(slotsy) = slots.(#slotsy)

At this point we do a case-split on #slots, = #slotsy,.
Case 1 #slots, = #slotsy.

front(slotss) < slotsy A front(slotsy) < slots. A front(slots,) < slots.
A
last(slots,) = slotsy(#slots,) A last(slotsy) = slots.(#slotsy)
“ Liebniz #slots, = #slotsy ”
front(slots,) < slotsy A front(slotsy) < slots. A front(slots,) < slots,
A
last(slots,) = slotsy(#slotsy) A last(slotsy) < slots.(#slots,)
“ [Seq:Last:index]:p?? ”
front(slotss) < slotsy A front(slotsy) < slots. A front(slots,) < slots.
A
last(slots,) = last(slotsy) A last(slotsy) =< slots.(#slots,)
“ [pfx:trans]:p17] weaken ”
front(slots,) < slots,
A
last(slots,) = slots.(F#slots,)
“ [EX:def]:g19] backwards

slots, < slots,
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Case 2 #slots, # #slotsy,.

First, we note that front(slots,) < slots, = #slots, < #slots, (by [Seq:FrontLT:len]:p214)), so we
can strengthen the case to #slots, < #slotsy.

front(slotss) < slotsy A front(slotsy) < slots. A front(slots,) < slots.
A
last(slots,) = slotsy(#slots,) A last(slotsy) = slots.(#slotsy)
“ [prf:EX:trans:lemmal]:81] ”
front(slotss) < slotsy A front(slotsy) < slots. A front(slots,) < slots.
A
last(slots,) = slotsy(#slots,) A last(slotsy) = slots.(#slotsy)
N slotsy (#slots,) = slots.(#slots,)
“ Liebniz slotsy(#slots,) = slots.(#slots,) ”
front(slots,) < slotsy A front(slotsy) < slots. A front(slots,) < slots.
A
last(slots,) = slots.(F#slots,) N last(slotsy) = slots.(F#slotsy)
A slotsy(#slots,) = slots.(#slots,)
= “ weaken ”
front(slots,) < slots. A last(slots,) = slots.(#slots,)
“ [EX:def]:d19] backwards

slots, < slots.
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Lemma [prf:EX:trans:lemmal]

#Ha < #b A front(a) < b A front(d) < ¢ = b(#a) = c(#a)

Start with antecedent:

#Ha < #b A front(a) < b A front(d) <
“ [Seq:LE:prefix]:p v
#a < #b A front(a) < b A front(db) < ¢
AN Q1. . #(front(d)) e (front(d))(i) = c(i)
“ [Seq Front:index]: ”
#Ha < #b A front(a) < b A front(b) < c
b =

AN i 1. . #(front(b)) e (front(d))(i) = c(i)

AV G 1.4t (front (b)) e (front(b))(j) = b(5)
“ [Seq.Front.Ien} H214]”

#a < #b A front(a) < b A front(b) < ¢

AYi:1...(#b)—1e (front(b))(i) = c(i)

AV :1...(#b) —1 e (front(b))(5) = b(j)
“ #b < #c, by [Seq:FrontLT:len]:p214]”

#Ha < #bANH#b < Fc A front(a) < b A front(b) < ¢

AYi:1...(#b)—1e (front(b))(i) = c(i)
AYG 1. (#b) —1e (front(b))(y5) = b(y)
“Hael...(#b)— 1, instantiate ”

#Ha < #bANH#b < Fc A front(a) < b A front(b) < ¢
A (front(b))(#a) = c(#a) A (front(b))(#a) = b(#a)

“ trans. of =, weaken ”

c(#a) = b(#a)
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A.1.8 Proof
of [EX:anti]:pL9]

(V slot,, sloty, e slot, = sloty, A slot, < slot, = slot, = sloty)
=
(slots, < slotsy A slotsy < slots, = slots, = slotsy)

We assume

[EX:anti:hypl] slot, = sloty N sloty, < slot, = slot, = sloty
[EX:anti:hyp2] slots, < slotsy,
[EX:anti:hyp3] slotsy < slots,

in order to show
slots, = slotsy,

We first expand the definition of < in the 2nd and 3rd hypotheses:

[EX:anti:hyp2'] front(slots,) < slotsy A last(slots,)
[EX:anti:hyp3'] front(slotsy) < slotsq A last(slotsy)

slotsy (#slots,)

=
= slots, (F#slotsy)

We start with this:

front(slots,) < slotsy A last(slots,) = slotsy(#slots,)
A front(slotsy) < slots, A last(slotsy) = slotsg(F#slotsy)
= “ [Seq:FrontLT:anti]:g215] "
front(slots,) = front(slotsy)
A last(slots,) < slotsy (#slots,) N last(slotsy) =< slots, (#slotsy)
“ [Seq:Front:len]:p214] ”
front(slots,) = front(slotsy)
A last(slots,) = slotsy(F#slotsy) A last(slotsy) < slots, (#slots,)
“ [Seq:Last:index]:p??, slots,, slotsy # ()7
front(slots,) = front(slotsy)
A last(slots,) < last(slotsy) A last(slotsy) = last(slots,)
= “ [EX:anti:hyp1]:p82] "
front(slots,) = front(slotsy) A last(slots,) = last(slotsy)
“ [Seq:Front-Last:eq]:p214] ”

slots, = slotsy,
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A.1.9 Proof

of [EX:nuII]:

(snull(r)) < slots

(snull(r)) <% slots
“ [EX:def]:fI9]”
front(snull(r)) < slots A last{snull(r)) = slots(#{snull(r)))
“ defn. front, last, # 7
() < slots A snull(r) < slots(1)
“ [Seq:SPfx:def:sngl]:p?? noting slots # (), [SN:pfx]:f17]”
TRUE A TRUE

“ simplify ”
TRUE

A.1.10 Proof
of [EX:dif]:p22]
slots < slots’ = (snull(r)) < dif (slots’, slots)

The left-to-right implication is true, via [EX:null]:p19] as it asserts that [DF:pre]:p21]is satisfied in
the antecedent.

So we focus on the right-to-left implication:
(snull(r)) < dif (slots’, slots) = slots < slots’
The antecedent is only well-defined if the consequent holds, so we can proceed as follows:

(snull(r)) < dif (slots’, slots)

“ defined if [DF:pre]: holds ”
(snull(r)) < dif (slots’, slots) A slots < slots’
= “ANB=B”

slots < slots’
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A.1.11 Proof

of [DF:ER:first]:

equref (sl ~~ sl) = equref (sly)

equref (sl ~~ sla)
= [ERdef]:Ig”
sref (last(sly ~\ sl))
—  “[DF:def]:21]"
sref (last((s1 ~\ s2)38fz))
where sy = last(sk)
(s188fx) = sly — front(sk)

We do a case split on sfr = ()
Case Split sfx = ()

sref (last((s1 ~ s2)38fz))
where so = last(sk)
(s188fx) = sly — front(sk)
— =)
sref (last({(s1 \ s2)))
where so = last(sk)
(s18()) = sly — front(sk)
= “last({(z)) =z 7
sref (s1\ s2)
where so = last(sk)
(s18()) = sl — front(sk)
= “ [SSub:ref]:d14] discard s, ”
sref (1)
where (513()) = sly — front(sk)
= “ 81 = head(sly — front(sk)) = last(sly — front(sk)), as tail is nil ”
sref (last(sly — front(sk)))



A SLOTTED-CIRCUS FOUNDATION PROOFS

Case Split sfx # ()

sref (last((s1 \ s2)3sfz))
where so = last(sk)
(s18sfz) = sly — front(sk)
= “ last(xgo) = last(o), when o # () ”
sref (last(sfx))
where so = last(sl)
(s18sfz) = sly — front(sk)
= “last(o) = last(x30),if o # () 7
sref (last(s13sfz))
where so = last(sl)
(s188fz) = sly — front(sl)
= “ Apply where-clause ”
sref (last(sly — front(sk)))

End Case Split

sref (last(sly — front(sk)))

= “last(c — 1) = last(o), when o — 7 £ () 7
sref (last(sl))

= “ [ER:def]:pf18] backwards ”
equref (sh)
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A.1.12 Proof
of [DF:len]:p22]

#H(sh ~ sh) =1+ #sl — #sb

#(sl ~\ sh)
= “ [DF:def]:g21] ”
#(ssub(slot’, slot) 8 sfz)
where slot = last(sk) A (slot’ s sfz) = sl — front(sh)
= “H(zeo)=1+#0"
1+ #sfx
where slot = last(slk) A (slot’ g sfr) = sly — front(sk)
= “ drop slot, slot’ defns, and express sfz as tail(. ..)
1+ #(tail(sly — front(sk)))
= “ tail reduces by 1, cancelling first one.
#(sly — front(sk))
— o7 —do— g7
#slh — #(front(sh))
= “ front reduces by 17
#Hsl — (#(sh) = 1)
= “ arithmetic ”
1+ #sly — #sly

”

R
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A.1.13 Proof
of [EX:prefix]:pf19]

581 7 88y <X 851 7 883 = SS9 < 883
Proof by induction on ss;.

Case 1: ss; = (s)

$3888 X S§3 883
“ [EX:def]:f19]”

front(s s ssa) < sgss3 A last(s s ssa) < (s8ss3)(F#(s8552))
“ defn. front, last, # 7

s8 front(ssa) < s8ss3 A last(sse) = (s8ss3)(#s2 + 1)

= “ defn. <, indexing ”

front(ssa) < ss3 A last(ss2) < (ss3)(#ss2)
“ [EX:def]:dL9] backwards ”

889 X 883

Case 2 : Assume
851 7 889 <X 881 7 883 = 889 <X 583 [EX:prefix:hyp1]

to show
~ ~ p—
§8851 88 X 88881 883 = 882 X 883

58851 889 <X $8881 7 883

“ [EX:def]:{T9]”

front(sgss1 7 ssz) < sgss1 T ssg Alast(sessy T ssa) X (s8ss1 7 ss3)(F#(s88851 7 852))

”

“ defns. front, last and #, using (z30) " T=2z3(c 7).
s8 front(ssy 7 ss2) < s88s1 7 ss3 A last(ssy 7 ss2) = (s8ss1 7 ss3)(F(ss1 T ss2) + 1)
“ defn. <, indexing ”
front(ssy 7 ss2) < ss1 7 ss3 A last(ssy 7 ss2) = (ss1 7 ss3)(#(ss1 7 ss2))
“ [EX:def]:f19] backwards ”
881 7 88y <X 851 7 883
“ [EX:prefix:hyp1]:p87]”

$89 X 883
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A.1.14 Proof

of [EX:sngl]:J19]

(51) X 82888 =81 = 89

(s1) < s288s
« [EX:def):19]”

front({s1)) < s28ss A last({s1)) =< (s28ss)(#(s1))
“defn. front, # 7

() < s2885 A sy = (s288s)(1)

“ seq. ordering, seq. indexing ”

TRUE A S1 = 8o

43 logic ”

81 =2 82

88
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A.1.15 Proof
of [EX;EX]:

[EX;EX] (slots < slots'); (slots < slots’) = (slots < slots’)

((slots < slots’); (slots < slots'))
“ [Seq:def]:d32] drop un-used obs. vars. ”
I slotsy @ slots < slotsy A slotsy < slots’
“ [EX:trans]:p19]”
T slotsy e slots < slotsy A slotsg < slots’ A slots < slots’
“last conjunct free for bound vars ”
slots < slots’ A Fslotsy e slots < slotsy N slotsy < slots’
“ [EXcrefl]:{T0]”
slots < slots A slots < slots’ A T slotsy e slots < slotsy A slotsy < slots’
“(P(c) NIz e P(c)) = P(c), here z is slotsg, c is slots ”
slots < slots A slots < slots’
“ [EX:refl]:f19]”

slots < slots’
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A.1.16 Proof
of [SSEQV:expand]:p20]

slots; =2 slotsy = front(slots)) = front(slotsy) A last(slots;) = last(slotss)

slotsy = slotsy
“ [SEQV:def]:{j20] ”
slots; < slotsy N slotsy < slotsy
“ [EX:def]:d19]”
front(slotsy) < slotsy A last(slotsy) < slotsy(F#slotsy)
A front(slotsy) < slotsy A last(slotsy) = slotsy (#slotss)
“ [Seq:FrontLT:eqv] ”
front(slotsy) = front(slotss)
A last(slotsy) = slotsa(F#slotsy) A last(slotsy) = slotsy (#slotsz)

b

“ [Seq:Front:len]
front(slotsy) = front(slotsy) A #slots; = #slotsy
A last(slots)) =< slotsa(#slotsy) A last(slotsy) =< slotsy (#slotss)
“ Liebniz ”
front(slotsy) = front(slotsy) N #slotsy = #slotsy
A last(slotsy) = slotsa(#slotsz) A last(slotsy) = slotsy (#slotsy)
“ [Seq:Last:index], noting sequences are non-empty ”
front(slotsy) = front(slots) N #slotsy = #slotsy
A last(slotsy) = last(slotsy) A last(slotse) < last(slotsy)
“ [SEQV:def]
front(slots1) = front(slotsa) A #slots; = #slotsa A last(slotsy) = last(slotss)
“ [Seq:Front:len], reversed. ”
front(slotsy) = front(slotsy) A last(slotsy) = last(slotss)
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A.2 Useful Sequence Shorthands

[F:s-hand] F = front
[L:s-hand] L = last
[H:s-hand] H = head
[T:s-hand] T = tail
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A.2.1 Proof
of [CAT:assoc]:p21]
Sll m (Slz m Slg) = (Sll m SZQ) m 813

We use the shorthands on p01}

We let sl; = s;88s;, noting that

(sigssi) #f (sj8ss;)

= “[CAT:def]:121]”
(sifs5):ss; <ssy = (Y>> s8(rry 7 (713 4 55)858;)
where 1rr; §r; = ss;

[CAT :assoc:def’]

We reformulate the goal:

(s18851) # ((s28882) #f (s38883)) = ((s18881)  (508882)) #f (838883)

Looking at the expanded definition of ff it is clear we need a case split on both ss; = () and
ss2 = ().

We use the following definitions:

[CAT:sngl] (si3()) #f (sj888;) = (84 1 55)25s;
[CAT:many]  (si8(rr; §73)) # (s5888;) = si = (rri ™ ((ri f 57)858)))
[CAT :click] (rri g mi) # (s58885) = rry (15 8 s5)8885)

=(rrig(rifs;)” ss
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Case 1 ss1={() Assy =)
Lhs:

(s18Q)) # ((s528()) # (s38583))
“ [CAT:sngl]:92] ”
(513()) # (52 § s3)3853

Rhs:

((s180) # (528())) # (s38553)
= “ [CAT:sngl]:492] ”
(511 52)8() # (s385s3)
= “ [CAT:sngl]:92] ”
((s1 1 s2) £ 53)3883
= “[sadd:assoc]:pfl7]”
(518 (821 s3))8883
= “ [CAT:sngl]:492} backwards ”
(s18()) # (52 s3)8883

Case 1 is OK.

Case 2 s51 = () Assa=rragm
Lhs:

(5180)) # ((s28772 8 72) H (838583))
= “ [CAT:many]:p92]”

(s18()) # (s28(rr2 ™ (72 f 53)3883)
= “ [CAT:sngl]:492] ”

(514 s2)8(rre ™ (72 f 53)8553)
Rhs:
((5130)1) # (828710 8 72)) Hh (538883)
= “ [CAT:sngl]:492] ”
((s1 8 s2)8rma g 12) # (s38583)

= “ [CAT:many]:p92]”

(51 s2)8(rra ™ (2 ff s3)8583)

Case 2 is OK
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Case 3 ssy =11 371 A 8sp = ()
Lhs:
(s18rry g ri) # ((s28()) # (s38583))
= “ [CAT:sngl]:92] ”
(s19rry g 1) # ((s2 f 83)8883)
= “ [CAT:many]:p92]”
s18(rry 7 (1 8 (82 £ 83))8883)
= “[sadd:assoc]:dL7]”
s18(rry 7 (1 f $2) £ 83)8883)
Rhs:
((s187m1 g m1) # (528())) th (s35883)
= “ [CAT:many]:p92]”
(s18(rre 7 (r1 1 52(3())))) # (s38883)
= “ [CAT:sngl]:p92|”
s18(rry 7 ((r1 H s2) £ 83)8883)
Cased is OK
Case 4 851 =1r 871 N\ 85 = 1198 T
Lhs:
(s187r1 8 71) f ((s28772 § 72) #f (838883))
= “ [CAT:many]:p92]”
(s187r1 g 7)) #H (s28(rr2 ™ ((r2 4 83)3883)))
= “ [CAT:many]:p92]”
s18(rry 7 (1 1 s2)2(rre 7 (72 £ 53)8883)))
Rhs:

((818rr1 3 7”1) i (8287”7’2 3 7"2)) # (838553)
“ [CAT:many]:p92]”

((s18(rry 7 (1§ s2)8((rr2 g 72)) # (838883)
« [CAT:click]:f02]

s18(rry 7 (1 s2)8(rre T (72 1 53)8553)))

Case 4 is OK O
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A.2.2 Proof

of [CAT:PFX]:p2]]
ss < ss it

ss < sstit
= «[CAT:def]:f21]”

ss % front(ss) ™ (last(ss) & head(tt)) ™ tail(tt)
— < [EX:«def]:d19]"

front(ss) < front(ss) ™ (last(ss) £ head(tt)) ™ tadl(tt)

A last(ss) = (front(ss) ™ (last(ss) § head(tt)) ™ tail(tt))(#ss)
= “o<oT,when T # ()"

last(ss) =< (front(ss) ™ (last(ss) & head(tt)) ™ tail(tt))(#ss)
= “[Seq:Front:len-index]:p214] ”

last(ss) = head({last(ss) § head(tt)) ™ tail(tt))
= “ defn. of head ”

last(ss) < last(ss) t head(tt)
= “ [sadd:prefix]: 17|

true
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A.2.3 Proof

of [CAT:ER:last]:p21]
equref (sl t sly) = equref (sk)

equref (sh #f sk)
—  “[CAT:def]:3f21]”
equref (front(sl) ~ (last(sh) § head(sl)) ™ tail(sk))
= [ERdef]:Ig”
sref (last(front(sh) ™ (last(sh) § head(sk)) ™ tail(sk)))

We do a case split on tail(sh) = ().

Case Split tail(sh) # ()

sref (last(front(sly) ™ (last(sly) § head(sk)) ™ tail(sk)))
= “last(oc " 1) = last(r),if 7 £ ()7
sref (last(tail(sk)))
= “last(o) = last(z : o), if o £ () 7
sref (last((sk))
“ [ER:def]:pf18] backwards ”

equref (sl)

Case Split tail(sh) = ()

sref (last(front(sly) ™ (last(sl) § head(sk)) ™ tail(sk)))
“last(c " 1) = last(o),if 7= ()7
sref (last(front(slh) ™ (last(sl) § head(sk))))
= “last(c " {(x))=2x’
sref ((last(sly) § head(sk)))
= “[sadd:ref]:f13]”
sref (head(sk))
= “ tail(o) = () = head (o) = last(o) ”
sref (last(sk))
= “ [ER:def]:pf18] backwards ”

equref (sly)

Y
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A.2.4 Proof

of [CAT:eqv]:p21]

sl &2 sl sly = Ty @ sly = (snull(rs))

sh = sl # sly
« [CAT:def]:1f21] ”
sly 2 front(sly) ~ (last(sh) § head(sk)) ™ tail(sk)
“ [SSEQV:def]:p20] 7
sh =% front(sh) ™ (last(sh) § head(sk)) ™ tail(sk)
A front(sh) ™ (last(sh) § head(sk)) ™ tail(sl) < sk
“ [EX:def]:pfI9]
front(sly) < ss A last(sl) =< ss(#sh)
A front(ss) < sh A last(ss) = sl (#ss)
where ss = front(sl) ™ (last(sl) § head(sk)) ™ tail(sl)
“ [Seq:Front:Cat:Le]:p215] 2z = sk, tt = (last(sh) § head(sk)) ™ tail(sk)
front(sh) < ss A last(sh) < ss(#sh)
A front(ss) < sh A last(ss) = sl (#ss)
where ss = front(sh) ™ (last(sh) t head(sk)) A tail(sl) = ()
“ front(c " (x)) =0, last(c " (z)) =z ”
front(sh) < ss A last(sh) < ss(#sh)
A front(sl) < sly A last(sl) § head(sly) = sl (#ss)
where ss = front(sh) ™ (last(sh) § head(sk)) A tail(sl) = ()
“ar < axx Tt tt # (), and front(zz) < zx, 2z # () 7
last(sl) < ss(#sh)
A last(sl) § head(sly) = sly(#ss)
where ss = front(sh) ™ (last(sh) § head(sk)) A tail(sl) = ()
“ss = front(xx) " (t) = #ss = #ax 7
last(sly) < ss(F#ss) A last(sh) § head(sl) = sl (#sh)
where ss = front(sh) ™ (last(sh) § head(sk)) A tail(sk)
“o(#0) = last(o)”
last(sly) < last(ss) A last(sl) t head(sk) = last(sh)
where ss = front(slh) ™ (last(sh) § head(sk)) A tail(sl) = ()
“ [Seq:Last:def:alt]:p213] ”
last(sly) < last(sly) § head(sl) A last(sl) § head(sly) < last(sly) A tail(sly) = ()
« [SEQV:def]:20] "
last(sl) ~ last(sl) & head(sly) A tail(sly) = ()
“ [sadd:eqv:unit]:p13]”
(I @ head(sk) = snull(r2) ) A tail(skh) = ()
“ expand scope, list property ”
Iy @ sly = (snull(ry))0

0
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A.2.5 Proof

of [CAT:equal]:p21|

sl = sh #f sly = sly = (snull(equref (sh)))

sl = sl # sy
« [CAT def]:1f21]”

sly = front(sly) ™ (last(sh) § head(sk)) ™ tail(sk)
“o = front(c) " 1T = 71 = (last(o)) "

last(sly) = last(sl) § head(sk) A tail(sk) = ()
“ [sadd:unit]:{13]”

head(sly) = snull(sref (last(sh))) A tail(sly) = {)
“ list property ”

sly = (snull(sref (last(sh))))
“ [ER:def]:f18] backwards ”

sly = (snull(equref (sh)))
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A.2.6 Proof
of [CAT:len]:p21]
#(sh # sl) = #(sh) + #(sk) — 1

(sl # sib)
= “ [CAT def]:g21] 7
#(front(sl) ™ (last(sl) t head(sk)) ™ tail(sk))
= CHo T T)=Ho+H#HT7
#front(sh) + #(last(sly) § head(sk)) + #tail(sk)
= “ front and tail shrink by one, #{(z) =1"
#(sh) — 1+ 1+ #(sl) — 1
= “ arithmetic ”

#(sh) + #(sl) — 1
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A.2.7 Proof
of [DF:equal]:p22]

slots = dif (slots, sin) = Arn e sln = (snull(rn))

slots = dif (slots, sln)
« [DF:def]:121] ”
slots = ssub(slot’, slot)ssfr
where slot = last(sln) A (slot'ssfz) = slots — front(sin)
¢ pattern-match o = xg7 ”
head(slots) = ssub(slot’, slot) A tail(slots) = sfz
where slot = last(sln) A slot’ = head(slots — front(sin)) A sfr = tail(slots — front(sin))
“ rewrite slot, sfr”
head(slots) = ssub(slot’, last(sln)) A tail(slots) = tail(slots — front(sln))
where slot’ = head(slots — front(sin))
“ [Seq:TailSub]:p215] 7
head(slots) = ssub(slot’, last(sln)) A front(sin) = ()
where slot’ = head(slots — front(sin))
“o— (=07
head (slots) = ssub(slot’, last(sln)) A front(sln) = ()

where slot’ = head(slots)

“ rewrite slot’ ”

head(slots) = ssub(head(slots), last(sln)) A front(sin) = ()
“ [SSub:equal]:{14]”

(Frn e last(sln) = snull(rn)) A front(sln) = ()
“ extend 4 scope ”

Jrn e last(sin) = snull(rn) A front(sln) = ()
“last(c) =z A front(o) = () =0 = (z)”

drn e sin = (snull(rn))
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A.2.8 Proof
of [DF:self]:p22]

dif (slots, slots) = (snull(equref (slots)))

dif (slots, slots)
—  “[DF:def]:21]"
ssub(slot’, slot) g sfx
A slot = last(slots)
A (slot" 3 sfx) = slots — front(slots)
= “ o — front(c) = (last(o)) ”
ssub(slot’, slot) s sfr
A slot = last(slots)
A (slot" g sfr) = (last(slots))
= ¢ pattern match ”
ssub(slot’, slot) s sfr
A slot = last(slots)
A slot" = last(slots) A sfr = ()
= “ Liebniz slot, slot’, sfx ”
SSub(last(slot), last(slot)) s ()
= “ [SSub:self: 17} z 5 () = (z)
(snull(sref (last(slot))))
= “ [ER:def]:ff18] backwards ”
(snull(equref (slots)))
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A.2.9 Proof
of [DF:niI]:

dif (slots, (snull(r))) = slots

dif (slots, (snull(r)))
— < [DF:def]:21]"
ssub(slot’, slot) g sfr
A slot = last({snull(r)))
A (slot" g sfr) = slots — front({snull(r)))
= “ defn. last, front”
ssub(slot’, slot) g sfr A slot = snull(r) A (slot’ s sfr) = slots — ()
= to-(=0"
ssub(slot’, slot) s sfr A slot = snull(r) A (slot’ g sfr) = slots
= “ pattern match ”
ssub(slot’, slot) s sfx A slot = snull(r) A slot’ = head(slots) A sfx = tail(slots)
= “ Liebniz slot, slots’, sfx ”
ssub(head(slots), snull(r)) s tail(slots)
= “ [SSub:nil]:g17]”
head(slots) g tail(slots)
= “ property of head and tail ”

slots
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A.2.10 Proof

of [DF:Null:equal]:p22|

where

where

where

where

where

where

slots’ ~x slots = (snull(r")) = slots’ = slots A equref (slots’) = r

slots’ ~x slots = (snull(r"))
« [DF:def]: 21"
ssub(slot’, slot) ¢ sfx = (snull(r"))
slot = last(slots)
(slot’ g sfr) = slots’ — front(slots)
“ list properties ”
ssub(slot’, slot) = snull(r'") A sfx = ()
slot = last(slots)
slot’ = head(slots’ — front(slots))
sfz = tail(slots’ — front(slots))
“ eliminate sfr, more list properties ”
ssub(slot’, slot) = snull(r")
slot = last(slots)
slots’ — front(slots) = (slot’)
front(slots) = front(slots")
“ [SSub:eqv]:7f14] given r’ = sref (slots’)
slot’ = slot A sref (slot’) =1’
slot = last(slots)
slots’ — front(slots) = (slot")
front(slots) = front(slots")
“ Liebniz, last line ”
slot’ = slot A sref (slot’) = 1’
slot = last(slots)
slots’ — front(slots") = (slot")
front(slots) = front(slots’)
“ list properties ”
slot’ = slot A sref (slot’) =1’
slot = last(slots)
slot’ = last(slots’)
front(slots) = front(slots")
“ [SSEQV:expand]:p20]”
slots’ = slots
A sref (slot’) = 1’ A slot’ = last(slots’)
« [ER:def]: I "

slots’ = slots A equref (slots’) = 1’

/
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A.2.11 Proof

of [DF:NuII:eqv]:

(37" @ slots’ ~\ slots = (snull(r")) ) = slots’ = slots

(37" e slots’ ~~ slots = (snull(r")))

« [DF:def]:21] "

(37" e ssub(slot’, slot) g sfx = (snull(r")))
where slot = last(slots)
(slot’ g sfr) = slots’ — front(slots)

“ list properties ”

(37" o ssub(slot’, slot) = snull(r') A sfr = ()
where slot = last(slots)

slot’ = head(slots’ — front(slots))

sfr = tail (slots’ — front(slots))

“ eliminate sfr, more list properties ”
(37" e ssub(slot’, slot) = snull(r'))
where slot = last(slots)

slots’ — front(slots) = (slot’)
front(slots) = front(slots’)

“ [SSub:eqv]:p{14] given 1’ = sref (slots’)
(37" e slot’ = slot A sref (slot’) = r")
where slot = last(slots)

slots’ — front(slots) = (slot")
front(slots) = front(slots’)

“ narrow scope; Liebniz, last line ”
slot’ = slot A (31" e sref(slot’) = r")
where slot = last(slots)

slots’ — front(slots") = (slot")
front(slots) = front(slots")

“ list properties, one-point rule ”
last(slots’) = last(slots) A front(slots) = front(slots’)

“ [SSEQV:expand]:p20]”

slots’ =2 slots



A SLOTTED-CIRCUS FOUNDATION PROOFS

A.2.12 Proof

of [DF:same]:p22)

slotsy < slots, A slotsy < slots, =

dif (slots,, slotsy) = dif (slots., slotsy) = slots, = slots,.

dif (slotsg, slotsy) = dif (slots., slotsy)
« [DF:def]:j21] "
ssub(slot!,, slot,) 8 sfT,
where slot, = last(slotsy)
and (slot), s sfr,) = slots, — front(slotsy)

ssub(slot’,, slot.) 8 sfz.
where slot, = last(slotsy)
and (slot.. 3 sfx.) = slots. — front(slotsy)
“ re-organise ”
ssub(slot,, sloty) s sfre = ssub(slot.,, slot.) s sfz.
A slot, = last(slotsy)
A (slot) s sfr,) = slots, — front(slotsy)
A slot. = last(slotsy)
A (slot.. g sfr.) = slots. — front(slots)
“ pattern matching ”
ssub(slot,,, sloty) & sfzq = ssub(slot.., slot.) 8 sfz.
A slot, = last(slotsy)
A slot!, = head(slots, — front(slotsy))
A sfz, = tail(slots, — front(slotsy))
A slot, = last(slotsy)
A slot!. = head(slots. — front(slotsy))
A sfre = tail(slots. — front(slotsy))
“ defn. of list equality ”
ssub(slot!,, slot,) = ssub(slot., slot.)
A $fr, = sfx
A slot, = last(slotsy)
A slot), = head(slots, — front(slotsy))
A sfr, = tail(slots, — front(slotsy))
A slot. = last(slotsy)
A slotl, = head(slots. — front(slotsy))
A sfre = tail(slots. — front(slotsy))

“ rearrange ”
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ssub(slot!,, slot,) = ssub(slot., slot.)
A sfxg = sfx.

A sfr, = tail(slots, — front(slotsy))
A sfx. = tail(slots. — front(slotsy))
A slot, = last(slotsy)

A slotl, = head(slots, — front(slotsy))
A slot. = last(slotsy)

A slot! = head(slots. — front(slotsy))

“ Liebniz sfz,, sfz., slot,, slot. ”
ssub(slot!,, last(slots,)) = ssub(slot,, last(slots.))
A tail(slots, — front(slotsy)) = tail(slots. — front(slotsy))
A slot!, = head(slots, — front(slotsy))

A slotl, = head(slots. — front(slotsy))

“tail(oc — 1) = tail(o) — 77
ssub(slot!,, last(slots,)) = ssub(slot., last(slots.))
A tail(slots,) — front(slotsy) = tail(slots.) — front(slotsy)
A slot), = head(slots, — front(slotsy))

A slotl. = head(slots. — front(slotsy))

“o—T=v—T=0=V"
ssub(slot.,, last(slots,)) = ssub(slot,, last(slots.))
A tail(slots,) = tail(slots.)

A slot!, = head(slots, — front(slotsy))
A slot! = head(slots. — front(slotsy))

“tail(o) = tail(r) = last(o) = last(T) ”
ssub(slot!,, last(slots,)) = ssub(slot,, last(slots.))
A tail(slots,) = tail(slots.)

A last(slots,) = last(slots,)
A slot), = head(slots, — front(slotsy))
A slotl. = head(slots. — front(slotsy))

“ [SSub:same]: 17} given pre-condition ”

slot!, = slot!,

A last(slots,) = last(slots,.)

A tail(slots,) = tail(slots.)

A slot! = head(slots, — front(slotsy))
A slotl, = head(slots. — front(slotsy))

Iy

“ Liebnix, slot),, slot..
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last(slots,) = last(slots.)

A tail(slots,) = tail(slots.)

A head(slots, — front(slotsy)) = head(slots. — front(slotsy))
= “ [Seq:HdSub:index']:g215] drop last ”

tail(slots,) = tail(slots.) N slots, (#slotsy) = slots.(#slotsy)

We now do case analysis on #slots;.
Case 1 #slotsy = 1:

tail(slots,) = tail(slots.) A slots,(1) = slots.(1)
“ head(o) =0o(1)”

tail(slots,) = tail(slots.) A head(slots,) = head(slots.)
“ defn. of list equality ”

slots, = slots,
Case 2 #slotsy, > 1.

tail(slots,) = tail(slots.) A slots, (#slotsy) = slots.(#slotsy)
“ pre-condition implies front(slotsy) < slots,, etc. ”
= “ Case 2 implies front(slotsy) # () ”
“So, head(slots,) = head(slotsy) etc. ”
tail(slots,) = tail(slots.)
A head(slots,) = head(slotsy) N head(slots.) = head(slotsy)
A slotsq(#slotsy) = slots.(#slotsy)
“ Liebniz head(slotsy) ”
tail(slots,) = tail(slots.)
A head(slots,) = head(slots.)
A slots, (#slotsy) = slots.(#slotsy)
“ defn. list equality ”
slots, = slots, N slots,(#slotsy) = slots.(#slotsy)
“ANBANA=B=A"

slots, = slots,
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A.2.13 Proof

of [DF:ref]:p22]

where

srefs(dif (slots’, slots)) = srefs(slots’ — front(slots))

srefs(dif (slots’, slots))
« [DF:def]:j21]”

srefs(ssub(slot’, slot) g sfx)

slot = last(slots)

(slot’ g sfr) = slots’ — front(slots)
“ meaning of where, pattern match ”

srefs(ssub(slot’, slot) g sfz)

A slot = last(slots)

A slot’ = head(slots’ — front(slots))

A sfr = tail(slots’ — front(slots))
“ Liebniz slot’, slot, sfr ”

srefs(ssub(head (slots’ — front(slots)), last(slots)) s tail(slots’ — front(slots)))
“ [RFS:def]:J18] defn. map ”

sref (ssub(head(slots’ — front(slots)), last(slots))) g srefs(tail(slots’ — front(slots))
“ [ssub:ref]:p?? ”

sref (head(slots’” — front(slots)) g srefs(tail(slots’ — front(slots))
“ defn. map ”

srefs(slots’ — front(slots))
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A.2.14 Proof
of [DF:subsub]:p22]

slots. < slots, N slots, < slotsy N slotsy < slots,
= dif (dif (slots,, slots.), dif (slotsy, slots.)) = dif (slots,, slotsy)

We expand the antecedents using [EX:deﬂ: so we know what we can assume:

[prf:DF:subsub:antel] front(slots.) < slots,
[prf:DF:subsub:ante2] last(slots.) = slots,(#slots.)
[prf:DF:subsub:ante3] front(slots.) < slotsy
[prf:DF:subsub:ante4] last(slots.) = slotsy(#slots.)
[prf:DF:subsub:anteb] front(slotsy) < slots,

[ ]

prf:DF:subsub:ante6 last(slotsy) = slotsq(#slotsy)
We can re-code this with [EX:pfx]:J19] as follows:

[prf:DF:subsub:ante7]
[prf:DF:subsub:ante8]
[prf:DF:subsub:ante9] slotsy = pfry  (slotpa)
[prf:DF:subsub:antel10] slotya = slotyy <sfry = ()> last(sfry)
[prf:DF:subsub:antel1] slots, = pfry © (slot,) ™ sfr,
[ }
[ ]

slots, = pfr. ~ (slot.)
slotsy = pfr. ~ (sloty1) ™ sfap

prf:DF:subsub:antel2 slot, =< slotyy

prf:DF:subsub:antel2 slotys = slot,

The rhs:
dif (slotsg, slotsy)
= “ [prf:DF:subsub:ante9,11] ”
dif (pfry ™ (slota) ™ sfza, pfay s (slotya))
= “ [DF:pfx]: ”
ssub(slot,, slotya) 8 sfz,
Now, the lhs:

dif (dif (slots,, slots.), dif (slotsy, slots.))
= “ [prf:DF:subsub:ante7,8,11] ”
dif (
dif (pfzy ™ (slota) ™ sfta, pfrc ™ (slotc)),
dif (pfre ™ (sloter) ™ sfxy, pfr. ~ (slotc)) )
= “ [DF:pfx] 7
dif
dif (pfry ~ (sloty) ™ sfra, pfr. ~ (slot.)),
ssub(slotyy, slot.) s sfry )
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At this point we do case analysis on sfz, = ()
Case 1 sfxy = ().

An immediate consequence of this, by [prf:DF:subsub:antel0,8,9] is that sloty; = slotpe and pfz, =
pfzy, so by Liebniz:

dif (
dif (pfry ™ (sloty) ™ sfra, pfas ~ (slot.)),
ssub(slotys, slot.) s ())
“ [DF:pfx]:p21]”
dif ( ssub(sloty, slot.) s sfza,
(ssub(slotya, slot.)) )
“ [DF:pfx]:p21]”
ssub(ssub(slot,, slot.), ssub(slotys, slot.)) ¢ sfz,
“ [SSub:subsub]:g17]

ssub(slot,, slotys) 8 sfza

Case 2 sfxy # ()

A consequence of this is that slotys = last(sfz) and

pfry, = pfre  (slotyr) ~ front(sfry)

so by Liebniz for pfzy:

dif (dif (pfre ™ (slotpr) 7 front(sfzy) ™ (sloty) ™ sfxa, pfr. ~ (slot.) ),

ssub(slotyy, slot.) s sfzp )
« [DF:def]:j21]"
dif (SSsub(slotyy, slot.) s (front(sfxy) ™ (slots) ™ sfz,),
ssub(slotyy, slot.) s sfzp )
“o#() = o= front(c) " (last(c)) 7
dif (ssub(slotp1, slot.) g (front(sfxy) ~ (sloty) ™ sfra),
ssub(slotyy, slot.) s (front(sfry) ™ (last(sfzy))) )
“ Liebniz for last(sfry) ”
dif (ssub(sloty1, slot.) & (front(sfzy) ~ (sloty) ™ sfra),
ssub(slotyy, slot.) s (front(sfry) ~ (sloty2)) )
« [DF:def]:f21]"

ssub(slot,, slotya) 8 sfta
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A.2.15 Proof

of [CAT:DF:id]:

(ssttt) ~ss =
We use the shorthands of f91]

(sstff tt) ~\ ss
= ¢ [CATdef|:21]”
(F(ss) ™ (L(ss) g H(tt)) ™ T(tt)) ~~ ss
—  “[DF:def]:21]”
let rest = (F(ss) ™ (L(ss)§ H(tt)) ™ T(tt)) — F(ss)
n (H(rest) \ L(ss))sT (rest)

“ ~

= (o0 © 1) — o =T, for sequences ”
let rest = (L(ss)t H(tt)) ™ T(tt)
in (H(rest) ~ L(ss))sT (rest)

= “ substitute for H (rest), T(rest) ”
((L(ss) # H(tt)) ~ L(ss))sT(tt)

= “[ssub:sadd]:{17]”
H(tt)sT(tt)

= “ Sequence law ”
tt
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A.2.16 Proof

of [CAT:DF:pfx]:p22|

uu Xt = (sstitt)  (sstuu) = ¢~ uu

We use the shorthands of 9]

Given the antecedent, we can write uu and ¢t as follows:

Rhs:

Lhs:

[prf:CAT:DF:pfx:uu]

[prf:CAT:DF:pfx:tt]
[prf:CAT:DF:pfx:u-le-t] u =t

[prf:CAT:DF:pfx:ss]

wu = pfr ™ (u)
tt = pfr ™ (t) " sfr

ss=1rrgr

[AAANNE 17}

“ [prf:CAT:DF:pfx:uu],[prf: CAT:DF:pfx:tt]
(nfs ™ (£) ™ sf) ~ (pfz ™ ()

“ [DF:pfx]:p21]”

(t ~ u)ssfr

(ss # tt) ~~ (st wu)

“ [prf:CAT:DF:pfx:uu],[prf:CAT:DF:pfx:tt],[prf: CAT:DF:pfx:ss] ”
((rr 5 ) (pfs ™ () ™ sfi) ~ (75 7) B (pfi ™ (u))

“ [CAT:def]:p21} twice ”
(/™ (8 H(pf)) ™ T(pfe) ™ (8) " sfo)

~(rr ™ (r g H(pfr)) ™ T(pfz) ™ (u))

“ [DF:pfx]:p21] common prefix is rr ™ (r § H(pfz)) ™ T(pfr) ”
(t ~ u)ssfr
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A.3 Proofs for Healthiness Conditions

A.3.1 Proof

of [R1:idem]:23]
R1oR1=R1

(R1oR1)(P)
“ [R1:def]:p23]”
R1(P A tr < tr')
“ [R1:def]:p23]”

(PAtr<tr')yntr<tr')

2

¢ prop. calc.
PAtr=<tr

“ [R1:def]:p23]”
R1(P)
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A.3.2 Proof
of [Shift:obsolete]:p??

ss 7 Shift(s, slots, slots’) = (ss ™ (s)) t#f (slots’ ~ slots))

Lhs:

ss ™ Shift(s, slots, slots')
= “ [R2:shift]:p?? 7

55 " (s (slot’ \ slot)) ™ sfx

where slot = last(slots), (slot’ s sfz) = slots’ — front(slots)
= “ intro rest ”

55 7 (st (slot’ \ slot)) ™ sfx

where slot = last(slots), (slot’ s sfx) = rest, rest = slots’ — front(slots)
= “ substitute, use g91] shorthand ”

ss 7 (s # (H(rest) \ L(slots))) ™ T(rest)

where rest = slots’ = F(slots)
Rhs:

(ss 7 (s)) t (slots’ ~\ slots))
= “ [CAT def]:p21] using shorthand ”

F(ss ™ (s)) ™ (L(ss ™ (s)) t H(slots' ~\ slots)) ™ T (slots’ ~\ slots)
= “Lic™{z)=x"

F(ss ™ (s)) ™ (st H(slots' ~x slots)) ™ T (slots’ ~\ slots)
—  “[DF:def]:21]"

F(ss ™ {(s)) " (st H(diff)) ™ T(rest)

where diff = (H(rest) \ L(slots))sT(rest)

rest = slots’ — F(slots)

= “H(zeo) =17

F(ss ™ (s)) ™ (st (H(rest) \ L(slots))) ™ T(rest)

where rest = slots’ — F(slots)

If ss = () then F'(ss"(s)) = () and both Lhs and Rhs reduce to (s § (H (rest) \ L(slots)))" T(rest).
If ss # (), then F(ss ™ (s)) = ss, and so Rhs becomes Lhs. O
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A.3.3 Proof
of [R2:subs-idem]:p??
sts(RQtf(P)) = R2tt(P)

We work with P explicit in slots, slots’:

R2,5(R24(P(slots, slots’))
« [R2:subs): 2"
R24(P(tt, tt tf (slots’ ~\ slots))
“ [R2:subs]:p24] ”
P(tt, tt # ((ss #f (slots’ ~\ slots)) ~x ss))
« [CAT:DF:id]:j23 "
P(tt, tt f (slots’ ~\ slots))
“ [R2:subs]:p24] backwards
R24(P(slots, slots"))

A.3.4 Proof

of [R2a:idem]:p??
R2aocR2a=R2a

R2a(R2a(P))
“ [R2a:def]:p?? ”
R2a(3 it e R24(P))
“ [R2a:def]:p?? ”
Jss @ R2,5(3tt @ R24:(P))
“ R2 distributes through 3¢t ”
Jss e Jit @ R2,5(R24(P))
“ [R2:subs-idem]:p?? ”
Jss @ it @ R2,(P)
“ ss not free ”
Jtt @ R24(P)
“ [R2a:def]:p??, backwards ”
R2a(P)
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A.3.5 Proof

of [R2a:almost]:p??
R2a(slots’ = slots) = slots’ = slots

R2a(slots’ = slots)
“ [R2a:def]:p?? ”

Itt @ R24(slots’ = slots)
“ [R2:subs]:p24]”

J it e (it tf (slots’ ~\ slots) = tt)
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A.3.6 Proof
of [R2:idem]: 24|

R20R2 =R2

R2(R2(P))
« [R2:alt]:24] "
R2(3 ¢t @ R24(P) A ER(tt, slots))
“ [R2:alt]:p24]”
Jss @ R2,5(3tt @ R24(P) A ER(it, slots)) N ER(ss, slots)
“ R2,s distributes through 3¢t ”
Jss e (it @ R2,5(R24(P)) A R255(ER(tt, slots))) A ER(ss, slots)
“ [R2:subs-idem]:p??, [R2:subs]:f24] ”
Jss e (Itt ¢ R24(P) A ER(tt, ss)) A ER(ss, slots)
“ expand 3¢t scope, [EQRF:deﬂ:”
Iss, tt @ R2,(P) N equref (tt) = equref (ss) A equref (ss) = equref (slots)
“ properties of =, Liebniz ”
dss, tt @ R24(P) A equref (ss) = equref (slots) A equref (tt) = equref (slots)
“ rearrange, shrink 3 scopes ”
(3t @ R24(P) A equref (tt) = equref (slots) ) A T ss e equref (ss) = equref (slots)
“ [R2:subs]:H24] backwards, [R2:alt]:§24]”
R2(P) A 3ss @ ER(ss, slots)
“ witness ss = slots ”

R2(P)
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A.3.7 Proof

of [R2a:subsumes-arg]:p??
R2a(P) =R2a(P)V P

R2a(P)
« [R2a:def]:p??,[R2:subs]: {2 "

Jss e Pss, ss i (slots’ ~\ slots)/slots, slots']
“P=(P<de>P)”

Jss e P[ss, sst (slots’ ~\ slots)/slots, slots']

<iss = slotst>P|ss, ss #f (slots’ ~\ slots)/slots, slots']

“ defn. conditional ”

Jss @ 55 = slots N\ P[ss, ss i (slots’ ~\ slots)/slots, slots']
V ss # slots N\ P|ss, ss ff (slots’ ~x slots)/slots, slots']
“ V-idem., 3-V distr. ”
(Fss ® ss = slots A\ P[ss, ss f (slots’ ~\ slots)/slots, slots'])
V (Iss @ ss = slots A\ P[ss, ss i (slots’ ~\ slots)/slots, slots’]
V ss # slots N\ P|ss, ss i (slots’ ~\ slots)/slots, slots'])

b2

“ one-point rule, ss, defn. conditional backwards
Pl[slots, slots t (slots’ ~\ slots)/slots, slots']
V (Iss @ P[ss, ss i (slots’ ~\ slots)/slots, slots’]
<iss = slotst>P|ss, ss #f (slots’ ~\ slots)/slots, slots'])
“ [CAT:DF:id]:p22| (P <tc>P)=P”
Pl[slots, slots’ / slots, slots']
V Jss e P[ss, ss i (slots’ ~\ slots)/slots, slots']
“ identity subs., [R2:subs]:p24| and [R2a:def]:p?? backwards ”
P v R2a(P)
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A.3.8 Proof

of [R2s:idem]:p??

R2so0R2s = R2s

(R2s o R2s)(P(pfr ™ (slot), pfr ™ (slot’) ™ sfz)
“ [R2s:pfx]:p?? ”
R2s(M_, P(ss ™ (slot), ss ™ (slot") ™ sfx))
“ [R2s:pfx]:p??, using tt and noting ss above plays pfz role
M,, (M, P(tt ™ (slot), tt = (slot") ™ sfz)))
“M, P =P,if z not free in P~
R2s(M,, P(tt ™ (slot), tt ™ (slot’) ™ sfz))
“ [R2s:pfx]:p?? backwards, using ¢t instead of ss ”
R2s(P)

”
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A.3.9 Proof

of [R2":idem]:p??
R2 o R2' =R2’

(R2' o R2')(P(pfr ™ (slot), pfr ™ (slot’) ™ sfz)
“ [R2":pfx]:p?? ”
R2'(P((snull(D)), ssub(slot’, slot) g sfzr))
“ [R2":pfx]:p??, with pfz = (), slot = snull(0) and slot’ = ssub(..) ”
P((snull(0)), SSub(ssub(slot’, slot), snull(0)) s sfr))
“ [SSub:nil]:pf17)”
P({snull(0)), ssub(slot’, slot) s sfr)
“ [R2":pfx]:p?? backwards ”
R2/(P)
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A.3.10 Proof
of [R2:distr:and]:p24]

R2(P A Q) =R2(P) A Q, slots, slots’ not free in Q

R2(P A Q)
“ [R2:alt]:p24]”
Jss @ R2,,(P N Q) A\ ER(ss, slots)
“ [R2:subs]:p24] slots, slots’ not free in @ ”
Jss @ R2,(P) A Q A ER(ss, slots)
“ narrow 3 scope ”
(3ss @ R2,,(P) A ER(ss, slots)) A Q
“ [R2:alt]:p24] backwards ”
R2(P) A Q

A.3.11 Proof

of [R2:distr:or]:p24
R2(P Vv Q) =R2(P) VR2(Q)

R2(PV Q)
“ [R2:alt]:p24]”

Jss @ R2,,(PV Q) A RE(ss, slots)
“ [R2:subs]:pf24] ”

Jss e (R2,5(P) V R245(Q)) A RE(ss, slots)
“ A=V distr. 7

Jss @ R2,,(P) N RE(ss, slots) V R2,,(Q) N RE(ss, slots)
“ 3=V distr. 7

(Iss @ R2,5(P) A RE(ss, slots)) V (Fss @ R2,5(Q) N RE(ss, slots))
“ [R2:alt]:p24) backwards ”

R2(P) Vv R2(Q)
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A.3.12 Proof
of [R2:distr:cond]:p24]

R2(P <c> Q) = R2(P) <cr> R2(Q),  slots, slots’ not free in ¢

R2(P <icr> Q)
“ defn. of <er>”
R2(¢cAPV-cAQ)
“ [R2:distr:or]:p24] ”
R2(c AP)VR2(-cA Q)
“ [R2:distr:and}: slots, slots’ not free in ¢ ”
¢ ANR2(P)V - ¢ AR2(Q)
“defn. <e>”
R2(P) <c>R2(Q)
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A.3.13 Proof

of [R3:idem]: 24|
R3o0R3=R3

(R3oR3)(P)

“ |R3:def]:24]
R3(I r Qwait> P)

“ [R3:def]:j24)"
I p <wait> (I g <wait> P)

“ @ <c> _ is idempotent ”
I <Qwait> P

“ [R3:def]:24] backwards ”
R3(P)
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A.3.14 Proof

of [Rl:is:RZ]:

R2(R1(true)) = Rl(true)

R2(R1(true))
“ [R1:def]:p23] A-unit
R2(slots < slots”)
“ [R2:def]:p23] 7
Jss e (ss < ss i (slots’ ~\ slots)) A\ ER(ss, slots)
“ [C/—\T:PFX]: given slots’ ~\ slots is defined ”
Jss e slots < slots’ N ER(ss, slots)
“ witness ss =slots ”
slots < slots’
“ [R1:def]:p23] backwards ”
R1(true)
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A.3.15 Proof

of [R2a:almost]:p??

R2a(slots = slots") = slots = slots’

R2a(slots = slots’)
“ front and last of both must be equal ”
R2a(front(slots) = front(slots’) A last(slots) = last(slots’))
“ [R2a:def|:p?? »
dss,s e
front(ss ™ (s)) = front(ss ™ {sadd(s, ssub(slot’, slot))) ™ sfr)
A last(ss ™ (s)) = last(ss ™ (sadd(s, ssub(slot’, slot))) ™ sfz)
where
slot = last(slots)
(slot" s sfr) = slots’ — front(slots)
“ From [Seq:FrontEQ:end]:j215] we get sfz = (), so... ”
dss,s e
front(ss ™ (s)) = front(ss " (sadd(s, ssub(slot’, slot))))
A last(ss ™ (s)) = last(ss ™ (sadd(s, ssub(slot’, slot))))
where
slot = last(slots)
slot’" = head(slots’ — front(slots))
tail(slots’ — front(slots)) = ()
“ [Seq:Front:def:alt]:J212} [Seq:Last:def:alt]:p213] simplify ”
dss,s e
s = sadd(s, ssub(slot’, slot))
where. ..
“ drop ss, expand where ”
(3s @ s = sadd(s, ssub(head(slots’ — front(slots)), last(slots))))
A tail(slots’ — front(slots)) = ()
“ [Seq:FrontEQ:end']:f215] "
(3s @ s = sadd(s, ssub(head(slots’ — front(slots)), last(slots))))
A front(slots’) = front(slots)
“ Liebniz ”
(3 s @ s = sadd(s, ssub(head(slots’ — front(slots’)), last(slots))))
A front(slots’) = front(slots)
“ [Seq:Last:def:alt']:§213]”
(s e s = sadd(s, ssub(last(slots'), last(slots))))
A front(slots’) = front(slots)

“ [sadd:unit]:{13]”
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(3 s o ssub(last(slots’), last(slots)) = snull(sref(s))
A front(slots’) = front(slots)
“ [SSub:eqv]:p14]”
(3 s o ssub(last(slots’), last(slots)) = snull(sref(s))
A front(slots’) = front(slots)
“ pair equality, [sref:def]: ”
(3s o w1 (ssub(last(slots’), last(slots))) = w1 (snull(sref(s)))
N sref (ssub(last(slots"), last(slots))) = sref (snull(sref (s))))
A front(slots’) = front(slots)
“ A-idem., [SSub:ref]:J14}[SN:ref]:p12]”
(3s @ my(ssub(last(slots’), last(slots))) = w1 (snull(sref(s)))
A sref (last(slots')) = sref(s)
N sref (ssub(last(slots"), last(slots))) = sref (snull(sref(s))))
A front(slots’) = front(slots)

“ Libeniz ”

(3 s o w1 (ssub(last(slots"), last(slots))) = w1 (snull(sref (last(slots'))))
N sref (ssub(last(slots"), last(slots))) = sref (snull(sref (last(slots’)))))

A front(slots’) = front(slots)

“ [SN:ref]:p[12] [SN:def]:H12]”

(3 s o w1 (ssub(last(slots'), last(slots))) = w1 (hnull, sref (last(slots’)))

A sref (ssub(last(slots"), last(slots))) = sref (last(slots")))))
A front(slots’) = front(slots)
“defn. of my 7
(3 s @ my(ssub(last(slots"), last(slots))) = hnull
A sref (ssub(last(slots"), last(slots))) = sref (last(slots")))))
A front(slots’) = front(slots)
“ pair equality, ”
(3 s @ ssub(last(slots’), last(slots)) = (hnull, sref (last(slots"))))
A front(slots’) = front(slots)

“ drop s, [SN:def]:p[12} backwards ”

ssub(last(slots’), last(slots)) = snull(last(slots’)) A front(slots’) = front(slots)

“ [SSub:eqv]:p14]
last(slots") = last(slots) A front(slots") = front(slots)
“ [SSEQV:expand]:p20] backwards ”

slots =2 slots’
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A.3.16 Proof

of [SSEQV:is:R2a]

[SSEQV:is:R2a] R2a(slots = slots') = slots = slots’

R2a(slots = slots’)
“ [SSEQV:expand]:p20] "
R2a(front(slots) = front(slots’) A last(slots) =~ last(slots))
“ [R2a:def]:p?? ”
dss,s e
front(ss ™ (s)) = front(ss ™ (sadd(s, ssub(slot’, slot))) ™ sfr)
A last(ss 7™ (s)) = last(ss ™ (sadd(s, ssub(slot’, slot))) ™ sfz)
where
slot = last(slots)
(slot’ g sfr) = slots’ — front(slots)
“ From [Seq:FrontEQ:end]:p215] we get sfr = (), so... ”
dss,s e
front(ss ™ (s)) = front(ss " (sadd(s, ssub(slot’, slot))))
A last(ss ™ (s)) =~ last(ss ™ (sadd(s, ssub(slot’, slot))))
where
slot = last(slots)
slot’ = head(slots’ — front(slots))
tail(slots’ — front(slots)) = ()
“ [Seq:Front:def:alt]:J212} [Seq:Last:def:alt]:p213] simplify ”
dss,s e
s ~ sadd(s, ssub(slot’, slot))
where. ..
“ drop ss, expand where ”
(3s @ s ~ sadd(s, ssub(head(slots’ — front(slots)), last(slots))))
A tail(slots’ — front(slots)) = ()
“ [Seq:FrontEQ:end’]:p215]”
(Fs @ s ~ sadd(s, ssub(head(slots’ — front(slots)), last(slots))))
A front(slots’) = front(slots)
“ Liebniz ”
(3 s @ s ~ sadd(s, ssub(head(slots’ — front(slots")), last(slots))))
A front(slots’) = front(slots)
“ [Seq:Last:def:alt']:§213]”
(s o s~ sadd(s, ssub(last(slots'), last(slots))))
A front(slots’) = front(slots)

“ [sadd:eqv:unit]:p13]”
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(s o Ir e ssub(last(slots'), last(slots)) = snull(r))
A front(slots’) = front(slots)
“ [SSub:ref]:J14} [SN:ref]:H12] ”
(3 s @ A7 e ssub(last(slots’), last(slots)) = snull(sref (slot’)))
A front(slots’) = front(slots)
“ [SSub:eqv]:pj14]”
(3s e 37 e last(slots’) = last(slots)) A front(slots’) = front(slots)
= “ drop quantifiers ”
front(slots) = front(slots’) A last(slots) = last(slots’)
“ [SSEQV:expand]:p20] backwards ”

slots =2 slots’
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A.3.17 Proof

of [SSEQV:is:R2]
[SSEQV:is:R2] R2(slots =2 slots’) = slots = slots’

REDO PROOF: new R2
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R2(slots = slots’)
“ [SSEQV:expand]:p20] ”
R2(front(slots) = front(slots’) A last(slots) = last(slots"))
« [R2:def]: 23]
dss,s e
front(ss ™ (s)) = front(ss ™ (sadd(s, ssub(slot’, slot))) ~ sfr)
A last(ss ™ (s)) = last(ss ™ (sadd(s, ssub(slot’, slot))) ™ sfz)
where
slot = last(slots)
(slot’ s sfr) = slots’ — front(slots)
“ From [Seq:FrontEQ:end]:j215] we get sfz = (), so... ”
dss,s e
front(ss ™ (s)) = front(ss ™ {sadd (s, ssub(slot’, slot))))
A last(ss ™ (s)) = last(ss ~ (sadd(s, ssub(slot’, slot))))
where
slot = last(slots)
slot’" = head(slots’ — front(slots))
tail(slots’ — front(slots)) = ()
“ [Seq:Front:def:alt]:J212} [Seq:Last:def:alt]:p213] simplify ”
dss,s e
s ~ sadd(s, ssub(slot', slot))
where. ..
“ drop ss, expand where ”
(Fs @ s ~ sadd(s, ssub(head(slots’ — front(slots)), last(slots))))
A tail(slots’ — front(slots)) = ()
“ [Seq:FrontEQ:end']:j215] "
(3s @ s ~ sadd(s, ssub(head(slots’ — front(slots)), last(slots))))
A front(slots’) = front(slots)
“ Liebniz ”
(3s @ s ~ sadd(s, ssub(head(slots’ — front(slots’)), last(slots))))
A front(slots’) = front(slots)
“ [Seq:Last:def:alt']:p213|”
(Is @ s ~ sadd(s, ssub(last(slots’), last(slots))))
A front(slots’) = front(slots)

“ [sadd:eqv:unit]:p13]”
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(s o Ir e ssub(last(slots'), last(slots)) = snull(r))
A front(slots’) = front(slots)
“ [SSub:ref]:J14} [SN:ref]:H12] ”
(3 s @ A7 e ssub(last(slots’), last(slots)) = snull(sref (slot’)))
A front(slots’) = front(slots)
“ [SSub:eqv]:pj14]”
(3s e 37 e last(slots’) = last(slots)) A front(slots’) = front(slots)
“ drop quantifiers ”
front(slots) = front(slots’) A last(slots) = last(slots’)
“ [SSEQV:expand]:p20] backwards ”

slots =2 slots’

INCOMPLETE
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A.3.18 Proof

of [SSEQ:is:R2]

[SSEQ:is:R2] R2(slots = slots') = slots = slots’

R2(slots = slots")
“ [R2:def]:pf23]
Jss @ ss = ss i (slots’ ~\ slots) A ER(ss, slots)
“ [CAT:equal]:p21] ”
Jss e (slots’ ~\ slots) = (snull(equref (ss))) A ER(ss, slots)
“ [DF:Null:equal]:p22] ”
Jss e (slots’ = slots) A equref (slots’) = equref (ss) A ER(ss, slots)
« [EQRF:def]:f24]”
Jss e slots’ = slots
A equref (slots") = equref (ss) A equref (ss) = equref (slots)
“ Liebniz ”
Jss e slots’ = slots
A equref (slots’) = equref (slots) A equref (ss) = equref (slots)
“ [SSEQV:expand]:p20] [ER:def]:Hf18] re-arrange ”
Jss e equref(ss) = equref (slots)
A front(slots’) = front(slots)
A last(slots") = last(slots) A sref (last(slots")) = sref (last(slots))
“ [SEQV:equal-h]:p20] ”
Jss e equref (ss) = equref (slots)
A front(slots’) = front(slots)
A first(last(slots")) = first(last(slots)) A sref (last(slots")) = sref (last(slots))
“ structural equality, shrink quantifier scope ”
slots’ = slots N\ Jss e equref (ss) = equref (slots)
“ witness ss = slots ”

slots’ = slots
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A.3.19 Proof

of [lr:is:R1]:p26]

R]_(HR) = IR
R1(IR)
“ [lr:def]:p24”

R1(— ok A slots < slots’
V ook’ A wait’ = wait A slots’ = slots)
“ [R1:def]:123]”
(= ok A slots < slots’
V ok" A wait’ = wait A slots’ = slots)
A slots < slots’
“ A=V distr. 7
— ok A slots < slots’ A slots < slots’
V ok’ A wait’ = wait A slots’ = slots A slots < slots’
“ A-idem. ”
= ok A slots < slots’
V ok’ A wait’ = wait A slots’ = slots A slots < slots’
“s=s"As<s =s=s, see [SSEQV:def]:20]”
- ok A slots < slots’
V ok! A wait’ = wait A slots’ = slots
“ [lr:def]:p24] backwards ”
I'r
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A.3.20 Proof
of [R3:is:R1]:p26]
R1(P)= P = R1(R3(P)) =R3(P)

Assume
R1(P)=P [R3:is:R1:hypl]

R1(R3(P))
“ [R3:def]:p24] 7
R1(I g <wait> P)
“ [R1:distr:cond]:p23|”
R1(I'r) <wait>> R1(P)
“ [Nr:is:R1):426], [R3:is:R1:hyp1]:d134]”
I'r <waitr> P
“ [R3:def]:p24] backwards ”
R3(P)
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A.3.21 Proof

of [lr:is:R2]:p26]

R2(HR) = IR
R2(IRr)
= “[lrdef]:p24”

R2(— ok A slots < slots’
V ook’ A wait’ = wait A slots’ = slots)
“ [R2:distr:or]:p24] ”
R2(— ok A slots < slots”)
V R2(ok" A wait’ = wait A slots’ = slots)
“ [R2:distr:and]:p24] slots, slots’ not free in either — ok or ok’ ”
- ok A R2(slots < slots’)
V ok A wait’ = wait A R2(slots’ = slots)
“ [SSEQ:is:R2]:d132]”
= ok A slots < slots’
V ok A wait’ = wait A slots’ = slots
“ [llr:def]:p24] backwards ”
I'r
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A.3.22 Proof

of [lr:is:R3]:p26]
R3(HR) = IR

R3(I r)
“ [R3:def]: ”
I'r <waite> T g
“Pae>P=P7”
I
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A.3.23 Proof
of [R1:R2:comm]:p26

R1oR2=R20R1
Lhs:

R1(R2(P))
« [R2:alt]:[2q]”

R1(3ss e Plss, ss t (slots’ ~\ slots)/slots, slots'] A ER(ss, slots))
“ [RL:def]: 23]

(Fss @ P[ss, ss tt (slots’ ~\ slots)/slots, slots’] AN ER(ss, slots)) A slots < slots’
“ expand quantifier scope ”

Jss @ P[ss, ss i (slots’ ~\ slots)/slots, slots’] N ER(ss, slots)) A slots < slots’

Rhs:

R2(R1(P))
“ [R1:def]: 23] "

R2(P A slots < slots’)
« [R2:alt]: 24"

Jss @ P[ss, ss i (slots’ ~\ slots)/slots, slots'] A ss < ss #f (slots’ ~\ slots) A ER(ss, slots)
“ ss5 < tt provided tt is defined, i.e here that slots < slots’ ”

Jss e P[ss, ss i (slots’ ~\ slots)/slots, slots'] A slots < slots’ N ER(ss, slots)

Both sides are identical O
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A.3.24 Proof

of [R1:R3:comm]:p26]
R1ocR3=R30R1

Lhs:

R1(R3(P))

“ |R3:def]:p24]
R1(I r Qwait> P)

“ [R1:distr:cond]:p23|”
R1(Ig) <wait> R1(P)

“ [liris:R1]:26]”
I'r <qwait> R1(P)

“ [R3:def]:p24] backwards ”
R3(R1)(P))
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A.3.25 Proof

of [R2:R3:comm]:p26]
R20R3 =R30R2

R2(R3(P)

« [R3:def]:j21)"
R2(I' r Qwait> P)

“ [R2:distr:cond]:pi24] ”
R2(I g) <wait> R2(P)

“ [lr:is:R2]: 26| ”
I'r <Qwait> R2(P)

“ [R3:def]:24] backwards ”
R3(R2(P))

A.3.26 Proof

of [R:idem]:p26|

RoR=R
RoR
— ¢ [Rdef|:25)
RoR3o0R20R1
= “ [R:def]:”

R3ocR20R10R30R20R1
= “ [R1:R3:comm]:p26] [R2:R3:comm]:p26] [R1:R2:comm]:p26] ”
R3o0R30cR20R20R10R1
= “ [R1:idem]:p23] [R2:idem]:pf24] [R3:idem]:pj24] ”
R3oR20R1
“ [R:def]:p25] backwards ”
R
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A.3.27 Proof
of [P-GROW:Q-GROW:eq:PQ-GROW].

The following law (referred to in [She06] as “relational calculus”), is generally quite useful:

[P-GROW:Q-GROW:eq:PQ-GROW] (P A GROW); (Q A GROW)
= ((P A GROW); (@ A GROW)) A GROW

Proof, reduce Lhs to Rhs:

(P AN GROW); (@ AN GROW)
“ [Seq:def]:{32] ”

3 0bs,, ® Pseq’] AN GROW [seq'] A Q[seq] AN GROW [seq]
“ [pfx:trans]:pfl7]”

3 0bs,, ® P[seq'] N GROW [seq'] A Q[seq] N GROW [seq] A GROW
“ shrink scope ”

(3 obs,, ® P[seq’] N GROW [seq'] A Q[seq] N GROW [seq]) A GROW
“ [Seq:def]:J32} backwards ”

(P AN GROW; @ A GROW) A GROW

a

This can also be written as R1(P); R1(Q) = R1(R1(P); R1(Q))
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A.3.28 Proof
of [expand-R:eq:expand]:p26]

P=R(P) = GROW; P=GROW
We assume the antecedent and proceed:

GROW; P
= “ assumption, [R:expand:l]: ignoring R2 part ”
GROW; (I r <wait> P A GROW)
“ [Cond:def]:p32)”
GROW; (wait AN I g V = wait N P N GROW)
“ 5 =V distributivity ”
(GROW; wait AN Ig) V (GROW; = wait AN P N GROW)
= “[lirdef]: 24"
(GROW; wait A (DIV V ok’ AN RSTET)) V (GROW; = wait A\ P N GROW)
“; =V distributivity ”
(GROW ; wait A DIV) V (GROW; wait A ok’ AN RSTET)
V (GROW; = wait AN P N GROW)
= <[DIV:def]:y24]”
(GROW; wait A = ok AN GROW)
V (GROW; wait A ok’ AN RSTET)
V (GROW; = wait AN P N GROW)
= “ Line 1:[Seq:def]:f32} Line 2: [comp:RSTET]:p25} Line 3:[comp:GROW:closed]:J147]”
(Fobsy ® GROW [0bsy/ 0bs'] A waity A = okg A GROW [0bsy, 0bs])
V (3 oko, statey © GROW [oko, stateg/ ok’, state’] A (wait A ok”)[oko, statey, rest’ [ ok, state, rest])
V GROW A (GROW; = wait N P AN GROW)
= “ Line 1: factor slotsy apart from oky and waity; Line 2: subst., drop 3 stategy
(3 slotsy @ GROW [slotsy/slots'| A GROW [slotsy, slots]) A (3 waity, oko ® waity A — okg)
V (3 oko ¢ GROW A wait’ A ok’) Vv GROW A (GROW; — wait N P N GROW)
“ Line 1, waity = true A okg = false; Line 2: oky not mentioned. ”
(3 slotsy @« GROW [slotsy/slots'| A GROW [slotsy, slots])
V GROW A wait’ A ok’ V GROW A (GROW; — wait N P N GROW)
“ [Seq:def]: 32} backwards, noting only slots mentioned, distributivity ”
(GROW; GROW) NV GROW A (wait’ A ok’ Vv (GROW; = wait AN P A GROW))
“ [GROW-GROW:eq:GROW]:p23]”
GROW vV GROW A ...
= “ absorption ”

GROW

”
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A.3.29 Proof

of [DIV—R:eq:DIV]:

P=R(P) = DIV; P=DIV

We assume the antecedent and proceed:

DIV: P
“ assumption, [R:expand:l]: ignoring R2 part ”
DIV; (Ig <wait> P A GROW)
“ [Cond:def]:p32)”
DIV; (wait N I g V = wait N P N GROW)
“ 5 =V distributivity ”
(DIV; wait A Ig) V (DIV; = wait AN P AN GROW)
“ [lir:def|:24) "
(DIV; wait A DIV V ok’ A RSTET) v (DIV; = wait A P A GROW)
“; =V distributivity ”
(DIV; wait A DIV) V (DIV; wait A ok’ A RSTET)
V (DIV; = wait N P N GROW)
« [DIV:def]:p24]”
(= ok A GROW; wait A = ok A GROW)
V (= ok AN GROW; wait A\ ok’ N RSTET)
V (= ok N GROW; = wait N P N GROW)
“ Line 1:[Seq:def]:f32} Line 2: [comp:RSTET]:p25} Line 3:[comp:GROW:closed]:J147]”
(Fobsy @ = ok A GROW [0bsy/ 0bs'] A\ waity A = okg AN GROW [0bsg, 0bs])
V (3 oko, statey @ = ok A GROW [oko, statey/ ok’ , state’] A (wait A ok’)[oko, statey, rest’ / ok, state, rest])
V GROW A (= ok N GROW; = wait N P N GROW)
“ Line 1: factor slotsy apart from oky and waity; Line 2: subst., drop 3 statey
(3 slotsy ® = ok A GROW [slotsy/slots']| A GROW [slotsy, slots]) A (3 waity, oko ® waity A — okg)
V (3 ok @ = ok A GROW A wait’ A ok’) vV GROW A (= ok A GROW; = wait AN P N GROW)
“ Line 1, reduce slotsy scope, waity = true A oky = false; Line 2: oky not mentioned. ”
= ok A (3 slots) ¢ GROW [slotsy/slots'] N GROW [slotsy, slots])
V = ok A GROW A wait’ A ok’ V = ok AN GROW A (GROW; = wait AN P A GROW)
“ [Seq:def]: 32} backwards, noting only slots mentioned, distributivity ”
= ok A (GROW; GROW) V = ok N GROW A (wait' A ok’ V (GROW; = wait A P N GROW))
“ [GROW-GROW:eq:GROW]:pf23]”
- ok AN GROW V = ok AN GROW A ...
“ absorption, [DIV:def]:p24] backwards
DIV

”



A SLOTTED-CIRCUS FOUNDATION PROOFS

A.3.30 Proof
of [lr:is:CSP1]:H27]

CSP1(I;) = Ip

CSP1(Iz)
“ [CSP1:def]:H27]
Ir VvV — ok A slots < slots’
“ [lIr:def]:p22]
(DIV V ok’ N RSTET) v DIV
“ logic ”
DIV V ok' N RSTET
“ [llr:def]:p24] backwards ”
g

143
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A.3.31 Proof

of [R1:CSP1:comm]:p27|

R1o0CSP1 = CSPloR1

R1(CSP1(P))
“ [CSP1:def]:H27]
R1(P V = ok A slots < slots’)

“ [R1:def]:j23]”

(P V = ok A slots < slots’) A slots < slots’

”

“ prop. calc.

P A slots < slots’ V — ok A slots < slots’

“ [R1:def]:23] backwards ”
R1(P) V = ok A slots X slots’

“ [CSP1:def]:H27] backwards ”
CSP1(R1(P))

A.3.32 Proof

of [R2:CSP1:comm]:pi27]

R20CSP1 = CSPl1oR2

R2(CSP1(P))
“ [CSP1:def]:J27] "
R2(P V = ok A slots < slots’)
“ [R2:distr:or]:p24]”
R2(P) vV R2(= ok A slots < slots”)
“ [R2:distr:and]:p24] ”
R2(P) V — ok A R2(slots < slots")
« [RL:is:R2]:j26] "
R2(P) V = ok A slots < slots’
“ [CSP1:def]:H27] backwards ”
CSP1(R2(P))

144



A SLOTTED-CIRCUS FOUNDATION PROOFS 145

A.3.33 Proof

of [ok:and:Ilr]
[ok:and:1] ok AN I = ok A ok’ N RSTET
This is [She06, Lemma 3.1, p36].

ok N IIg
“ [llr:def]:p24”
ok A (DIV V ok" N RSTET)
“ distr. 7
ok A DIV V ok A ok’ N RSTET
« [DIV:def]: 2"
ok A = ok AN GROW V ok A ok’ N RSTET
“logic ” ok A ok’ AN RSTET

A.3.34 Proof

of [not-ok:and:Ilr]

[not-ok:and:Ilr] —~ok Nlr=DIV

-0k ANIg
“ [llr:def]: 124
= ok A (DIV V ok’ N RSTET)
« [DIV:def|-1f24]
= ok A (= ok AN GROW VA ok’ N RSTET)
« [RSTET:def]:j24 "
= ok A (= ok AN GROW A ok’ A wait’ = wait A slots’ = slots)
“ slots’ = slots = GROW ”
= 0ok A (= ok AN GROW A ok’ A wait’ = wait A slots’ = slots N GROW)

”

“ distr., idem.
- 0k AN GROW V = ok A GROW A ok’ A\ wait’ = wait A slots’ = slots
“ absorb. ”
= ok N GROW
= “ [DIV:def]:p24] backwards ”
DIV
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A.3.35 Proof

of [R3:CSP1:comm]:p27|

CSP1(R3(P)) = R3(CSP1(P))V wait A CSP1(false)

CSP1(R3(P))
“ [R3:def]:p24] 7
CSP1(I r <wait>> P)
“ defn conditional ”
CSP1(wait AN Ir V - wait A P)
“ [CSP1L:alt]:p27] 7
wait A I g V - wait A PV CSP1(false)
“ prop. calc”
wait A I g V = wait A PV wait N CSP1(false) V = wait A CSP1(false)
“ rearrange ”
wait A I g V wait AN CSP1(false) V = wait A P V - wait A CSP1(false)
“ A=V distributivity ”
wait A (Ip vV CSP1(false)) V = wait A (P vV CSP1(false))
“ defn. conditional ”
(Ir v CSP1(false) <wait>> P vV CSP1(false))
“ [CSP1:alt]:p27] backwards ”
CSP1(Ir) <wait>> CSP1(P)
“ [Nr:is:CSP1]:p27]
I'r <Qwait> CSP1(P)
“ [R3:def]:p24] backwards ”
R3(CSP1(P))

146
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A.3.36 Proof
of [comp:R1:closed]:pjZ3]

(P=R1(P)) A (Q =RL(Q)) = ((P; Q) =R1(P; Q))
We assume

[comp:R1:closed:hypl] P =R1(P)
[comp:R1:closed:hyp2] Q =R1(Q)

to show:
P; Q
= “ [comp:R1:closed:hyp1]:{147] [comp:R1:closed:hyp2]:J147] ”
R1(P); RI1(Q)
= “ [R1:def]:p23] ”
(P A slots < slots'); (Q A slots < slots”)
= “ [Seq:def]:p32] ”
Jobsy ® Plobsy/obs’] A slots < slotsy A Q[obsy/obs] A slotsy < slots’
= “ [EX:trans]:g19]”
Jobsy ® Plobsy/obs’] A slots < slotsy N Q[obsy/0bs| N slotsy < slots’ A slots < slots’
= “ 0bsy not free in last conjunct ”
(Fobsy ® Plobsy/obs'] A slots < slotsy A Q[obsy/obs] A slotsy < slots’) A slots < slots’
= “ [Seq:def]: 432} backwards ”
((P A slots < slots’); (Q A slots < slots’)) A slots < slots’
= “ [R1:def]:p23] backwards thrice ”
R1(R1(P); R1(Q))
= “ [comp:Rl:cIosed:hypl]:[comp:Rl:cIosed:hypZ]s”
R1(P; @)
O

An important result also from the above proof is [comp:GROW:closed|:

(P A GROW); (Q A GROW) = GROW A ((P A GROW); (Q A GROW))



A SLOTTED-CIRCUS FOUNDATION PROOFS 148

A.3.37 Proof
of [comp:R2a:closed]:p??
(P =R2a(P)) A (Q =R2a(Q)) = ((P; @) =R2a(P; Q))

We assume the antecedent, and proceed to start with the rhs of the consequent.

Note that as the antecedent is used in the first and last steps only, that we have also shown that
[R2a:comp:closure] R2a(R2a(P); R2a(Q)) = R2a(P); R2a(Q)

for arbitrary P and @

(see overleaf)
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R2a(P; Q)
“ P and @ are R2a-healthy by assumption ”
R2a(R2a(P); R2a(Q))
“ [R2a:def]:p?? ”
R2a((Fuu o Pluu, uu i (slots’ ~\ slots)/slots’, slots]) ;
(Fovv e Q[vv, vu t (slots’ ~\ slots)/slots’, slots]) )
“ [Seq:def]:{32]
R2a(3 slotsy e
(Fuu o Pluu, uu  (slotsy ~~ slots)/slots’, slots]) A
(Fovv e Quv, vu tt (slots’ ~\ slotsg)/slots’, slots]) )
“ [R2a:def]:p?? ”
d ss, slotsy e
(Fuu o Pluu, uu tf (slotsy ~x ss)/slots’, slots]) A
(Fov @ Q[vv, vo i ((ss f (slots’ ~\ slots)) ~\ slotsy)/slots’, slots]) )

”

“ take slotsy = ss it (slots; ~\ slots)
dss, slots, e
(Fuu o Pluu, uu tf ((ss ff (slotsy ~\ slots)) ~\ ss)/slots’, slots]) A
(Fov e Q[vv, vv  ((ss #f (slots’ ~\ slots)) ~\ (ss #f (slotsy ~\ slots)))/slots’, slots]) )
“ [CAT:DF:id]:j22] 7
dss, slots, e
(Fuu o Pluu, uu tf (slots; ~\ slots)/slots’, slots]) A
(Fvv @ Q[vv, vo i ((ss f (slots’ ~\ slots)) ~ (ss # (slotsy ~\ slots)))/slots’, slots]) )
“ [CAT:DF:pfx]:”
dss, slots, e
(Fuu o Pluu, uu tf (slots; ~\ slots)/slots’, slots]) A
(Fvv @ Q[vv, vo i ((slots’ ~\ slots) ~x (slots; ~\ slots)) / slots’, slots]) )
“ [DF:subsub]:{22] ”
dss, slots, e
(Fuu @ Pluu, uu  (slots; ~\ slots)/slots’, slots]) A
(Fvv @ Q[vv, vo ff (slots’ ~\ slotsy) / slots', slots]) )
“ [Seq:def]:d32} backwards, ss not mentioned ”
(Fuu o Pluu, uu t (slots’ ~\ slots)/slots’, slots]) ;
(Fvv @ Q[vv, vo ff (slots’ ~\ slots) / slots’, slots])
“ [R2a:def]:p??, backwards, twice ”
R2a(P); R2a(Q)
“ P and @ are R2a-healthy by assumption ”
P;Q
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A.3.38 Proof
of [comp:R2:closed]:pj24]

(P =R2(P)) A (@ =R2(Q)) = ((P; Q) =R2(P; Q))

R2(P; Q)
= “ P and @ are R2-healthy ”
R2(R2(P); R2(Q))
“ [R2:alt]:p24] twice ”
R2((Juu @ R2,,(P) A RE(uu, slots))
; (Fov @ R2,,(Q) A RE(vv, slots)) )
“ [Seq:def]:H32] ”
R2(Jobsp @
(Fuu ® R2,,(P) A RE(uu, slots))[seq']
A (Fov e R2,,(Q) A RE(vv, slots))[seq])
“ [Seq:subs]: 32} [Seq:subs’]:H32]”
R2(Jobsp @
(Fuu @ (R2,,(P))[seq'] A RE(uu, slots))
A (Fov o (R2,,(Q))[seq) A RE(vv, slotsy)) )
“ [R2:subs]:p24] twice
R2(Jobsp @
(Fuu o Pluu, uu i (slots’ ~\ slots)/slots, slots|[seq’] A RE (uu, slots))
A (Fov e Qvv, vt (slots’ ~\ slots)/slots, slots'][seq] N RE(vv, slotsy)) )
“ applying [seq] subs, Py, Qo = Plresty/rest’], Q[resty/rest], for obs = rest, slots ”
R2 (3 resty, slotsy ®
(Fuu o Poluu, uu ff (slotsy ~~ slots)/slots, slots’| A RE(uu, slots))
A (Fov e Qo[vy, vu ff (slots’ ~\ slotsy)/slots, slots'] A RE(vv, slotsy)) )
“ [R2:alt]:p24]”
Jss @ RE(ss, slots) A
R2,,( I resty, slotsy e
(Fuu o Poluu, uu tf (slotsy ~~ slots)/slots, slots’] A RE(uu, slots))
A (Fvv e Qolvv, vu f (slots’ ~\ slotsy)/slots, slots'] A RE(vv, slotsy)) )
“ [R2:subs]:f24] 7
Jss @ RE(ss, slots) A
d resty, slotsy @
(Fuu o Poluu, uu tf (slotsy ~~ ss)/slots, slots’| A RE(uu, ss))
A (Fvo e Qo[vo, vu t ((ss #f (slots’ ~\ slots)) N\ slotsy)/slots, slots'] A RE(wv, slotsg))

At this point we introduce a change of variable: slotsy = ssffi(slots; ~\slots). The usual justification
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is the following bidirectional inference rule:
Jz: Ae P(x)
Jy: Be P(f(y))

The function f giving the old variable z in terms of the new one y has to be surjective, so all
possible candidate zs are covered. However, the expression ss fff (slots; ~\ slots), viewed as a
function from slots; to slotsy is not surjective. However, we note that we are in a context where
ss is itself existentially quantified, so we apply the following rule:

dz:A,¢c: CeP(x,c)
Jy:B,c: C e P(f(y,c),c)

f:B— A,

f:BxC— A,

The expression ssff (slots; ~\ slots) viewed as a function over ss and slots; is surjective. Any value
of slotsy can be obtained, regardless of the value of slots by choosing ss and slots; to satisfy the
following conditions:

ss = slotsg
slots; = slots
equref (slots;) = equref (slotsy)

We now continue with the proof, having made the variable change:

Jss @ RE(ss, slots) A
dresty, slots; e
(S uu o Poluu, uu tf ((ss tf (slotsy ~\ slots)) ~\ ss)/slots, slots'] A RE(uu, ss))
A (Fvv e Qolvv, vu i ((ss # (slots’ . slots)) ~\ (ss i (slots; ~\ slots)))/slots, slots']
A RE(vv, ss tt (slotsy ~\ slots)))
“ [CAT:DF:id]: line3, [CAT:DF:pfx]:line 4, [CAT:ER:Iast]:line 57
Jss @ RE(ss, slots) A
dresty, slots; ®
(Fuu o Poluu, uu ff (slots; ~\ slots)/slots, slots’| N RE(uu, ss))
A (Fov e Qolvy, v ff ((slots’ ~\ slots) ~x (slots; ~x slots))/slots, slots']
A RE(vv, slotsy ~\ slots)
= “ [DF:subsub]:p22| line 4, [DF:ER:first]:p22] line 5
Jss @ RE(ss, slots) A
dresty, slots; e
(Fuu o Poluu, uu tf (slots; ~\ slots)/slots, slots'] N RE(uu, ss))
A (Fvv e Qo[vw, vu t (slots’ ~\ slotsy)/slots, slots']
A RE(vv, slotsy))
“ RE(uu, ss) N RE(ss, slots) = RE(uu, slots) N RE(ss, slots) ”
Jss @ RE(ss, slots) A
dresty, slots; e
(Fuu o Poluu, uu ff (slots; ~~ slots)/slots, slots’| A RE(uu, slots))
A (oo e Qo[vu, vu tt (slots’ ~\ slotsy)/slots, slots']
A RE(vv, slotsy))
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= “ narrow scope of 3ss”
(3ss @ RE(ss, slots)) A
(I resty, slots; e
(Fuu o Poluu, uu ff (slots; ~\ slots)/slots, slots'| A RE(uu, slots))
A (Fov e Qo[vy, vo #f (slots’ ~\ slotsy)/slots, slots']
A RE(vv, slotsy)))

“ witness ss = slots line 1, a-rename slots; to slotsy ”

dresty, slotsy @
(Fuu o Poluu, uu ff (slotsy ~~ slots)/slots, slots’'| A RE(uu, slots))
A (Fvv e Qo[vv, vu i (slots’ ~\ slotsy)/slots, slots']
A RE(wvv, slotsp))
“ defn. Py, Qo ”
dresty, slotsy @
(uu e Plresty/rest’|[uu, uu i (slotsy ~x slots)/slots, slots'] A RE(uu, slots))
A (Fov e Q[resty/rest][vv, v #f (slots’ ~\ slotsy)/slots, slots']
A RE(vv, slotsy))
“ [Seq:def]:§32] backwards ”
(Fuu o Pluu, uu tf (slots’ ~\ slots)/slots, slots'] A RE(uu, slots))
; (Fov e Q[vv, vu ff (slots’ ~\ slots)/slots, slots’'] A RE(vv, slots))
“ [R2:alt]:p24] twice backwards ”
R2(P); R2(Q)
“ P and @ are R2-healthy by assumption ”
P; Q
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A.3.39 Proof

of [comp:CSP1:closed]
(P=CSP1(P)) A (@ =CSP1(Q)) = ((P; Q)=CSP1(P; Q))
We assume the antecedent:

[comp:CSP1:closed:hypl] P =CSP1(P)
[comp:CSP1:closed:hyp2] @ = CSP1(Q)

We then convert LHS to RHS:

P; Q
“ [comp:CSP1:closed:hypl], [comp:CSP1:closed:hyp2] ”
CSP1(P); CSP1(Q)
 [CSP1L:def):27 "
(PV DIV);, (Q Vv DIV)
“ Seq:def ”
Jobsy e (Plobsy/obs’| V DIV [obsy/0bs’]) A (Q[obsy/0bs] V DIV [0bsy/0bs])
¢ distributivity ”
Jobsy @
Plobsg/obs'] A Q[obsy/ 0bs]
V DIV [obsy/obs'] A Q[obsy/ obs]
V' Plobsy/obs'] A DIV [obsy/ obs]
V DIV [obsy/obs'] A DIV [0bsy/ 0bs]
“ [DIV:def]:p24] substitution ”
Jobsy @
Plobsy/obs'] A Q[obsy/ obs]
V = ok A slots < slotsy A Q[obsy/ 0bs]
V' Plobsg/obs'] A\ = oky A slotsy < slots’
V = ok A slots < slotsy A — oky A slotsy < slots’
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A.3.40 Proof
of [comp:prsv:SSEQ)]
[comp:prsv:SSEQ] (P = SSEQ) N (Q = SSEQ) = ((P; Q)= SSEQ)

We note that (A = B) = (A = A A B), and so we assume P = P A SSEQ, Q = Q N SSEQ to
show that

(P; Q)= (P; Q) NSSEQ
Proof, start with LHS:

P; Q
= “ assumption ”
(P A SSEQ); (Q A SSEQ)
“ [Seq:def]:J32} [SSEQ:def]:p?? 7
dobsy @ Plseq’] A Qseq] A slotsg = slots A slots’ = slotsg

¢

¢ = is transitive ”

Jobsy e P[seq’] A Q[seq] N slotsy = slots A slots’ = slotsy A slots’ = slots
= “ [SSEQ:def]:p??,SSEQ not bound by quantifier ”
(Fobsy ® P[seq’'] A Q[seq] A slotsy = slots A slots’ = slotsy) N SSEQ

Now the RHS:

(P; Q) N SSEQ

“ [Seq:def]:{32] 7
(3 obsy @ Pseq’] A Qlseq]) N SSEQ

“ Assumption ”
(Fobsy @ (P N SSEQ)[seq’] A (Q A SSEQ)[seq]) N SSEQ

“ Substitution ”
(3 obsy @ Plseq’| A SSEQ]seq’'] N Q[seq] A SSEQ)[seq]) A SSEQ
= “ [SSEQ:def]:p??,[Seq:subs'|:f32} [Seq:subs]:p32] ”

(Fobsy ® P[seq’] A slotsy = slots A Q[seq] A slots’ = slotsy) N SSEQ

LHS and RHS are identical, modulo reordering
O
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A.3.41 Proof

of [comp:R1:prsv:SSEQ]

[comp:R1:prsv:SSEQ] (P=R1(P) A (@ =R1(Q))

=
(P A SSEQ); (P A SSEQ) = (P; Q) A SSEQ

Proof, LHS first

RHS:

(P N SSEQ); (P A SSEQ)
“ [Seq:def]:J32} [SSEQ:def]:p?? 7
Jobsy ® Plseq’] A slots = slotsy A Q[seq] A slotsy = slots

¢ = is transitive ”

Jobsy @ P[seq’] A slots = slotsy A Q[seq] A slotsy = slots A slots = slots’

(P; @) N SSEQ
“Pand @ are R1”
((P A slots < slots’); (Q A slots < slots’)) A SSEQ
“ [Seq:def]:{32] ”
(3 obsy @ Pseq’] A slots < slots) A Q[seq] A slotsy < slots’) A SSEQ
“ [SSEQ:def]:p??, distr, into quantifier ”
Jobsy ® P[seq’| A slots < slotsy N Q[seq] A slotsy < slots’ A slots’ = slots
“s=8¢ ANs<sAsp=<s meansso=s=¢"
Jobsy e P[seq’] A slots = slotsy A Q[seq] N slotsy = slots’ A slots’ = slots

Both sides are equal

|
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A.3.42 Proof
of [comp:R3:closed]:p25]

(P=R3(P)) A (Q=R3(Q)) = (P; Q) =R3(P; Q))
We assume

[comp:R3:closed:hyp1] P =R3P)
[comp:R3:closed:hyp2] Q =R3(Q)

to show:

P; Q
“ [comp:R3:closed:hyp1]:H156] [comp:R3:closed:hyp2]: p156]

R3(P); R3(Q)
« [R3:def]: 24"

(I <waitr> P); (I <wait> Q)
“ [Seq:def]:{32]

Jobsg e (I g <waitt> P)[seq’] A (I r <waitt> Q)[seq]
“ [Cond:def]:p32]”

Jobsy @ (wait A ITr V = wait A P)[seq’| A (wait A Ir V — wait A Q)[seq]
“ defn. of substitution, [Seq:subs]:p32] [Seq:subs’]:32] ”

Jobsg e (wait A I g[seq’] V — wait A Plseq’]) A (waity A I g[seq] V — waity A Q[seq])
“ A=V distributivity ”

Jobsy e

wait A I r[seq’] A waity A I g[seq]
V wait A I g[seq’] A = waity A Q[seq]
V = wait A\ Plseq’] A waity A I g[seq]
V = wait A Plseq'] A = waity A Q[seq]
“ Collect terms guarded by wait ”

Jobsy @
wait A (waity A I r[seq’] A I gr[seq] V = waity A I r[seq’] A Q[seq])
V
= wait A (waity A P[seq'] A I r[seq] V = waity A P[seq'] A Qseq])
“ Collect terms guarded by waity ”

Jobsy @
(I g[seq'] N I g[seq] <waityt> I g[seq'] A Q[seq])
<wait>
(P[seq’] A I g[seq] <waito> Plseq’] A Q[seq])
= “(AANB)<C>(AAND)=AAN(B<2Cr>D)”

(see overleaf)
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Jobsy e
(I r[seq'] N (I r[seq] <waitol> Q[seq]))
<wart>
(Plseq'] A (I g[seq) <waity> Qlseq]))
“ Jobsy distributes through <waitr> "

(3 obsy @ I g[seq’] N (I r[seq] <waitol> Q[seq]))
<wart>

(Fobsy ® P[seq’] A (I r[seq] <waitol> Q|seq)))
“ substitution backwards ”

(3 obsy @ I g[seq'] N (I r <wait> Q)[seq])
<wart>

(Fobsy ® Plseq'] A (I g <waitt> Q)[seq])
“ [Seq:def]: 432} backwards ”

(Ir; (Ir Quwait>> Q)) <wait>> (P; I <waitt> Q))
“QisR3”

(I'r; Q) <Qwait>> (P; Q)
“ [R3:wait:Skip]:H25] ”

(Ir; Tr) Quwait> (P; Q)
“ [SkipR—SkipR:eq:SkipR]: ”

I'r Quait>> (P; Q)
“ [R3:def]:24] backwards ”

R3(P; Q)
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A.3.43 Proof

of [DIV:DIV:eq:DIV]:

DIV; DIV = DIV

DIV; DIV
« [DIV:def]:p2)”

(= ok A slots < slots"); (— ok A slots < slots’)
“ [Seq:def]: 432} drop unused q. vars. ”

3 oky, slotsy @ = ok A slots < slotsy A — okg A slotsy < slots’
“ [EX:trans]:d19]”

T oky, slotsy ® = ok A slots < slotsy A — okg A slotsy < slots’ A slots < slots’
“ shrink and split scopes ”

= ok A slots < slots’ A\ (3 oky ® = okg) A (T slotsy e slots < slotsy A slotsy < slots’)
“ take okg = FALSE, and slotsy = slots ”

= ok A slots < slots’ A (slots < slots”)
“ idempotence, [DIV:def]:p24] backwards ”

DIV
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A.3.44 Proof
of [DIV:A:eq:DIV]:p??

DIV; A = DIV, A healthy

DIV: 4
= “ [Seq:def]:d32], [DIV:def]:p24]”

Fobsy @ = ok A slots < slotsy N Alobsg/ 0bs]

There isn’t a simple relationship here - A can influence the overall outcome.

A.3.45 Proof
of [A:DIV:eq:DIV]:p??

A; DIV = DIV, A healthy

A; DIV
“ [Seq:def]:32] [DIV:def]:p24]”

Jobsy e Alobsy/0bs’| A = oky A slotsy < slots’

DIV should mask the outcome of A.
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A.3.46 Proof

of [IIr:DIV:eq:DIV}:

I'r; DIV = DIV
I'r; DIV
= “ [lr:def]:pf24] ”

(DIV V ok’ A RSTET); DIV
“ V—; distributivity ”

(DIV; DIV) V (ok' N RSTET); DIV
“ [DIV:DIV:eq:DIV]:f25] [DIV:def]:24] [Seq:def]:p32]”

DIV v (3 obsy ® oky A RSTET[0bsy/0bs’] A = okg A slotsy < slots’)
“ quantifier body reduces to FALSE ”

DIV

A.3.47 Proof

of [DIV:lIr:eq:DIV]: 25|

DIV: I = DIV
DIV; II'g
= “ [IIr:def]: 7

DIV; (DIV v ok’ A RSTET)
“ V—; distributivity ”

(DIV; DIV)V (DIV; (ok' A RSTET))
“ [DIV:DIV:eq:DIV]:pf25] [Seq:def]:432] ”

DIV V (3 obsy @ DIV [0obsy/0bs'] A ok’ N RSTET [obsy/ obs])
“ [one-point:RSTET]:25] 7

DIV Vv (3 okg ® DIV [oko/ok'] A ok’

“

ok’ not free in DIV, drop quantifier ”
DIV v (DIV A ok')

“ absorption ”
DIV
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A.3.48 Proof
of [lr:is:CSP2]:p2§]

CSP2(I;) = Ip

CSP2(I)
“ [CSP2:def]:H27]
Ir; (ok = ok’ A wait’ = wait A state’ = state N slots’ = slots)
“ [lr:def]: 124
(= ok A slots < slots’
V ook’ A wait’ = wait A slots’ = slots)
i (ok = ok’ N\ wait’ = wait N\ state’ = state A slots’ = slots)
“ [Seq:def]:{32] 7
d oky, waity, statey, slotsy, @
(= ok A slots < slotsg
V okg A waity = wait A slotsy = slots)
A (oky = ok’ A wait’ = waity A state’ = stateg A slots’ = slotsg)
“ A-,V- and 3-distributivity ”
(3 oko, waity, stateg, slotsy, e
= ok A slots < slotsy
A okg = ok’ N wait’ = waity N state’ = stateg A slots’ = slotsy)
V
(3 oko, waity, statey, slotsy, e
okog N\ waity = wait N\ slotsy = slots
A okg = ok’ N\ wait’ = waity A state’ = stateg A slots’ = slotsy)
“ one-point rule for waity, statey, slotsy ”
(3 oko @ = ok A okg = ok’ A slots < slots’)
\Y
(F oky ® okg A oky = ok’ A wait’ = wait A slots’ = slots)
“(3b:Be P(b)) = P(FALSE) V P(TRUE) ”
(= ok A FALSE = ok’ A slots < slots’)
V (= ok A TRUE = ok’ A slots < slots’)
V (FALSE A FALSE = ok’ A wait’ = wait A slots’ = slots)
V (TRUE A TRUE = ok’ A wait’ = wait A slots’ = slots)
“ prop. calc”
(= ok A slots < slots’) V (ok" A wait’ = wait A slots’ = slots)
“ [lr:def]- 124
Iy
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A.3.49 Lemma

[DIV:is:CSP2]

[DIV:is:CSP2]  CSP2(DIV) = DIV

Begin with the lhs:

CSP2(DIV)
“ [DIV:def]:j24} [CSP2:def]:1}27]

— ok A slots < slots’; ok = ok’ A wait = wait’ A state = state’ A slots = slots’
“ [Seq:def]:{32] ”
d oky, waity, statey, slotsy e
= ok A slots < slotsy
A oko = ok’ A waity = wait’ A statey = state’ A slotsy = slots’
“ one-point watty, statey, slotsy ”
Joky ® = ok A slots < slots’ A oky = ok’
“(3b:Be P(b)) = P(FALSE) V P(TRUE) ”
= ok A slots < slots’ A FALSE = ok’
V = ok A slots < slots’ A TRUE = ok’
“ prop. calc. ”
= ok A slots < slots’ A TRUE
V = ok A slots < slots’ A ok’
“ more prop. calc. ”
- ok A slots < slots’
“ [DIV:def]:p24] backwards ”
DIV
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A.3.50 Proof
of [R1:CSP2:comm]:p2§|

[R1:CSP2:comm] : p28] R10CSP2 = CSP20cR1
Start with lhs:

R1(CSP2(P))
“ [CSP2:def]:J27]

R1(P; (ok = ok’ A wait’ = wait A state’ = state A slots’ = slots))
« [R1:def]:23]

(P; (ok = ok’ A wait’ = wait A state’ = state N slots’ = slots))

A slots < slots’
“ [Seq:def]:{32]

(3 oko, waity, statey, slotsy e

Plseq'] N oky = ok’ A wait’ = waity A state’ = statey A slots’ = slotsp)
A slots < slots’

“ One-point waity, statey, slotsg, ”
(3 oko ® Ploky/ok'] N okg = ok”) A slots < slots’

Next, the rhs:

CSP2(R1(P))
= “ [R1:def]:f23] ”
CSP2(P A slots < slots”)
« [CSP2:def):2T "
(P A slots < slots’);
(ok = ok’ A\ wait’ = wait N\ state’ = state A slots’ = slots)
“ [Seq:def]:H32]
d ok, waity, statey, slotsy
P[seq’] N slots < slotsg
A oky = ok’ A wait’ = waity A state’ = stateyg A slots’ = slotsy

“ One-point waity, statey, slotsg, ”
Joky @ Ploko/ok'] A slots < slots’ N okg = ok’
= “ shrink quantifier scope ”
(3 oko ® Ploky/ok'| A okg = ok’) A slots < slots’

Lhs and Rhs are identical O.
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A.3.51 Proof
of [R2:CSP2:comm]:p2§|

R2(CSP2(P)) = CSP2(R2(P))

REDO
We use notation expressing P as a function of its free vars.
Lhs:

R2(CSP2(P(ok, wait, state, slots, ok’, wait’, state’, slots')))
 [CSP2:def):2T "
R2(P(ok, wait, state, slots, ok’, wait', state’, slots’)
i (ok = ok’ A\ wait' = wait N\ state’ = state A slots’ = slots))
“ [Seq:def]:{432] 7
R2(3 0bsy @ P(ok, wait, state, slots, okg, waity, statey, slotsy)
A okg = ok’ N\ wait’ = waity A state’ = stateg A slots’ = slotsy)

“ one-point rule, waity, statey and slotsy ”
R2(J oky @ P(ok, wait, state, slots, oky, wait’, state’, slots’) A\ oky = ok’)

“ [R2:def]:1j23]

J 55, oko ® P(ok, wait, state, ss, oko, wait’, state’, ss #f (slots’ ~\ slots)) A okg = ok’)

Rhs:

CSP2(R2(P(ok, wait, state, slots, ok’ , wait’, state’, slots")))
“ [R2:def|:23]”

CSP2(3ss e P(ok, wait, state, ss, ok’ wait’, state’, ss #f (slots’ ~\ slots)))
“ [CSP2:def]: 27

(3 ss @ P(ok, wait, state, ss, ok’, wait’, state’, ss  (slots’ ~\ slots)))

i (ok = ok’ A\ wait’ = wait A state’ = state N slots’ = slots)
“ [Seq:def]:{32]

dobsy e

(3 ss ® P(ok, wait, state, ss, oky, waily, statey, ss t (slotsy ~\ slots)))
A oky = ok’ A wait’ = waity N state’ = stateg A slots’ = slotsg)
“ one-point rule, waity, statey and slotsy ”
Joky e
(3 ss ® P(ok, wait, state, ss, oky, wait’, state’, ss #f (slots’ ~\ slots))) A oky = ok’)
“ expand scopeof 3 ss, reorder quantifiers ”
Jss, oko ® P(ok,wait, state, ss, oky, wait’, state’, ss # (slots’ ~\ slots)) N oky = ok')

Lhs and Rhs are equal O.
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A.3.52 Proof

of [R3:CSP2:comm]:p2§]

[R3:CSP2:comm] R3 0 CSP2 =CSP20cR3

CSP2(R3(P))
« [R3:def]:j21)"
CSP2(I r <wait>> P)
“ [CSP2:distr:cond]:H2§] "
CSP2(I ) <waitt> CSP2(P)
“ [lIris:CSP2):1f28]
I'r Qwait> CSP2(P)
“ [R3:def]:p24] backwards ”
R3(CSP2(P))
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A.3.53 Proof

of [CSP1:CSP2:comm]:p28§}

[CSP1:CSP2:comm] CSP1o0CSP2 = CSP20CSP1

CSP2(CSP1(P))

“ [CSP1:def]:H27]
CSP2(P v DIV)

“ [CSP2:distr:or]:p28]
CSP2(P) v CSP2(DIV)

“ [DIV:is:CSP2]:pf28] 7
CSP2(P) v DIV

“ [CSP1:def]:427] backwards ”
CSP1(CSP2(P))
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A.3.54 Proof

of [ETs:slots-diff:R1:R2]

[ETs:slots-diff:R1:R2] R2(R1(EQVTRACE(tt, f (slots' ~\ slots))))
= EQVTRACE(tt, f (slots’ ~\ slots))

We handle R1 and R2 separately. First, R1, starting with the rhs:

EQVTRACE(tt, f(slots’ ~\ slots))
= “ pre-condition of ~x 7
EQVTRACE(tt, f (slots’ ~\ slots)) A slots < slots’
= “ [R1:def]:p23] backwards ”
R1(EQVTRACE(tt, f(slots’ ~\ slots)))

Next, R2, starting with rhs:

R2(EQVTRACE(tt, f (slots’ ~\ slots)))
“ [R2:alt]:p24]”
Jss @ EQVTRACE(tt, f(ss t (slots’ ~\ slots)) ~~ ss) A ER(ss, slots)
“ [CAT:DF:id]:§22] provided slots’ ~\ slots is defined ”
Jss ¢ EQVTRACE(it, f(slots’ ~\ slots)) A slots < slots’ N\ ER(ss, slots)
“ shrink scope ”
EQVTRACE(tt, f (slots’ ~\ slots)) A slots < slots’ A 3 ss @ ER(ss, slots)
“ [R1:def]:p23] backwards, witness ss = slots ”
R1(EQVTRACE(tt, f(slots’ ~\ slots))) A TRUE
“ Previous result ”
EQVTRACE(tt, f (slots’ ~\ slots))

We can then complete the full proof:

R2(R1(EQVTRACE(tt, f (slots’ ~\ slots))))
= “ result about R1 just proved ”
R2(EQVTRACE(tt, f(slots’ ~\ slots)))
= “ result about R2 just proved ”

EQVTRACE(tt, f(slots’ ~\ slots))
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A.3.55 Proof
of [NEV:is:R1:R2]:p30]

R2(R1(NOEVTS (slots, slots’))) = NOEVTS(slots, slots")

R2(R1(NOEVTS (slots, slots")))
« [NEV:def|:1f30]”
R2(R1(EQVTRACE((), slots’ ~\ slots)))
« [ETs:slots-diff:RL:R2):{I67 with t = () and f = id. ”
EQVTRACE((), slots’ ~\ slots)
“ [NEV:def]:g30| backwards ”
NOEVTS (slots, slots')
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A.3.56 Proof

of [EVN:is:R1:R2]

R2(R1(EVTSNOW (E)(slots, slots’))) = EVTSNOW (E)(slots, slots")

oo

R2(R1(EVTSNOW (E)(slots, slots’)))
« [EVN:def|:1f50]”

169

R2(R1(3tt e elems(tt) = E AN EQVTRACE(tt, slots’ ~\ slots) A #slots = #slots’))

“ [R1:def]:p23] [R2:def]:p23] expand 3 ¢t scope. ”
itt, ss @ elems(it) = E
N EQVTRACE(tt, slots’ ~\ slots)[r2] A slots < slots’
N ER(ss, slots) N #ss = #(ss # (slots’ ~\ slots))
“ using similar technique to [ETs:slots-diff:R1:R2]:p167, R2 part ”
Jtt e elems(tt) = FE
A EQVTRACE(tt, slots’ ~\ slots)
A Jss @ ER(ss, slots) N #ss = #(ss t (slots’ ~\ slots))
“ [CAT:len]:p21] 7
Jtt e elems(tt) = FE
N EQVTRACE(tt, slots’ ~\ slots)
A Jss @ ER(ss, slots) N #ss = #ss + #(slots’ ~\ slots) — 1
“ [DF:len]:{22]”
dtt e elems(tt) = E
N EQVTRACE(tt, slots’ ~\ slots)
A Jss @ ER(ss, slots) N #ss = #ss + (1 + #slots’ — #slots) — 1
“ arithmetic ”
it e elems(tt) = E
N EQVTRACE(tt, slots’ ~\ slots)
A Jss ® ER(ss, slots) A #slots’ = #slots
“ witness, ss = slots ”
Jit e elems(tt) = E
N EQVTRACE(tt, slots’ ~\ slots)
A #slots’ = Fslots
“ [EVN:def]:d30] backwards " EVTSNOW (E)(slots, slots")
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A.3.57 Proof
of [IME:is:R1:R2]:p30)

R2(R1(IMMEVTS (slots, slots'))) = IMMEVTS(slots, slots")

R2(R1(IMMEVTS (slots, slots’))
= [IME:def]:f30]”
R2(R1(EQVTRC(tt, head(slots’ ~x slots)) A tt # ()))
“ [R1:distr:and]:p23]”
R2(R1(EQVTRC((tt, head(slots' ~\ slots))) A tt # ()
“ [R2:distr:and}: slots’, slots not free in tt # () 7
R2(R1(EQVTRC(tt, head(slots’ ~x slots)))) A tt # ()
“ [ETs:sngl]:d1§| backwards ”
R2(R1(EQVTRACE(tt, (head(slots’ ~\ slots))))) A tt # ()
“ [ETs:slots-diff:R1:R2]:J167] with f = X ss e (head(ss)). ”
EQVTRACE(tt, (head(slots’ ~x slots))) A tt # ()
“ [ETs:sngl]:g1§]”
EQVTRC (tt, head(slots’ ~\ slots)) A tt # ()
“ [IME:def]:430| backwards ”
IMMEVTS (slots, slots")
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A.3.58 Proof

[POSS:is:R1:R2]:p??
R2(R1(P0OSS(c))) = POSS(c)

Proof:

R2(R1(POSS(¢)))
“ [R1:R2:comm]:p26] "
R1(R2(POSS(c)))
“ [R1:def]: 23] [R2:def]:p23] [POSS:def]:1f33] ”
GROW NJdssec¢ U srefs((ss tf (slots’ ~\ slots)) ~\ ss) A ER(ss, slots)
« [CAT:DF:id]:p22)”
GROW ANdssec¢ U srefs(slots’ ~\ slots) A ER(ss, slots)
“ shrink scope ”
GROW A c ¢ U srefs(slots’ ~\ slots) 3 ss e\ ER(ss, slots)

“ witness, ss = slots, definedness of slots’ ~x slots entails GROW ”
cé U srefs(slots’ ~\ slots)

“ [POSS:def]:pP33] backwards ”
POSS(c)
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A.3.59 Proof

[WTC:is:R1:R2]:p33]
R2(R1(WTC(c))) = WTC(c)

Proof:

R2(R1(WTC(c))
= “ [R1:R2:comm]:p26] [R1:def]:J23] [R2:def]:p23] [WT C:def]: 33| 7
GROW A Fss e wait’ A POSS(c)[r2] AN NOEVTS (ss, ss tt (slots’ ~\ slots)) A\ ER(ss, slots)
“ [POSS:def]:p33]”
GROW A Jss e wait’ A ¢ & U srefs((ss t (slots’ ~\ slots)) ~\ ss)
A NOEVTS (ss, ss tf (slots’ ~\ slots)) A ER(ss, slots)
“ [CAT:DF:id]:p22} shrink scope ”
GROW A wait' A ¢ & U srefs(slots’ ~\ slots)
Jss @ NOEVTS (ss, ss tt (slots’ ~\ slots)) A\ ER(ss, slots)
“ \\ definedness, [R2:def]:p23] backwards ”
wait’ A ¢ ¢ U srefs(slots’ ~\ slots)
R2(NOEVTS (slots’ ~ slots))
“ [POSS:def]: 33| backwards, [NEV:is:R1:R2]:430] "
wait’ A POSS(c) AN NOEVTS (slots’ ~\ slots)
“ [WTC:def]:j33] "
WTC(c)
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A.3.60 Proof
[TRMC:is:R1:R2]:p33]

R2(R1(TRMC(c.e))) = TRMC(c.e)
Proof:

R2(R1(TRMC c.e)))
 [R2:def]:{23) [TRMC def|-1f33]

Jss ¢ R1(— wait’ N EVTSNOW {c.e}(slots, slots"))[r2] A ER(ss, slots)
“ [R1:distr:and]:p23] shrink scope ”

= wait’ A 3ss @« RL(EVTSNOW {c.e}(slots, slots’))[r2] A ER(ss, slots)
“ [R2:def]:p23] backwards ”

= wait’ AN R2(RL(EVTSNOW {c.e}(slots, slots")))
« [EVN:is:R1:R2):pf30] "

= wait’ N EVTSNOW {c.e}(slots, slots”)
“ [TRMC:def]: 33 backwards ”

TRMC(c.e)

A.4 Slotted-Circus Specific Actions

A.4.1 Proof

[specificALaw-1] : EVTSNOW (0)(slots, slots’) = slots & slots’
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A.4.2

[specificALaw-2] :

EVTSNOW (0)(slots, slots")
« [EVN:def]:f30]”

174

J it e elems(tt) =0 AN EQVTRACE(tt, slots’ ~\\ slots) A #slots = #tslots’ A slots < slots’

“Spp— ()
EQVTRACE((), slots’ ~x slots) A #slots = #slots’ A slots < slots’
“ slots are non empty sequences, slots = pfr —~ {((t,7))”
3¢, r, pfr e slots = pfx —~ {(t,r))
N EQVTRACE((), slots’ ~\ slots) A #slots = #slots’ A slots < slots’
“ [EX:pfx]:”
At,r, pfr,t',r" e slots = pfr ~ ((t,7)) A slots’ = pfr ~ ((t',7")) ~ sfz
N EQVTRACE((), slots' ~\ slots) A #slots = #slots’ N slots < slots’
“ #slots = #slots’ = (sfr = ()7
3t,r, pfe, ', 1" e slots = pfx ~ ((t, 1)) A slots" = pfx ~ ((t',1"))
N EQVTRACE((), slots’ ~\ slots) N #slots = #slots’ A slots < slots’
“ [DF:pfx]:p21]”
At,r, pfr,t', 1" e slots = pfr ~ {(t, 7)) A slots’ = pfr ~ (', "))
AN EQVTRACE((),((t',r")) ~~ ((t,7))) A #slots = #slots’ A slots < slots’
« [ETs:null]:fT8]”
t,r, pfr,t',r" e slots = pfr ~ ((t,7)) A slots’ = pfr ~ ((t', 7))
AN EQVTRC({), (t',r") ~ (t,7)) A #slots = #slots’ N slots < slots’
“NINEEDS REVISING!!! ”
t,r, pfr,t',r" e slots = pfr ~ ((t, 7)) A slots’ = pfr ~ ((t', 7))
At =t A #slots = #slots’ A slots < slots’
«“ t — t/ 9
t,r, pfr,r" e slots = pfr ~ ((t,r)) A slots’ = pfr —~ {(t, "))
A #slots = #slots’ A slots < slots’
“NNEEDS REVISING!!! ”
t,r, pfr,r" e slots = pfr ~ ((t,7)) A slots’ = pfr ~ ((t,r")) A (t,7") 2 (t,7)
A #slots = #slots’ A slots < slots’
“ [EX:def]:JT0]”
slots’ < slots A #slots = #slots’ A slots < slots’
“ = definition ”

slots =2 slots’

Proof

NOEVTS (slots, slots’) A\ #slots = #slots’ = EVTSNOW (0)(slots, slots’)
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A.4.3 Proof

[specificALaw-3] : Js,5' @« EVISNOW {c}(s,s") A sl' ~\ sl = map(SHide({c}))(s' ~~s) = sl & sl

Proof

Js,s" @« EVISNOW{c}(s,s") A sl' ~\ sl = map(shide({c}))(s' ~\ s)
“ [EVN:def]:430] ”
Js, s’ tteelems(tt) = {c} A sl' ~\ sl = map(shide({c}))(s' ~ s) A
s <8 AN#s=H#s" NEQVTRACE(tt,s' ~\ s)
« [DF:len]:j22)"
Js,8' tt e elems(tt) = {c} A sl' ~\ sl = map(shide({c}))(s' ~xs) A
s=< 8 N#(s' " s)=1ANEQVTRACE(tt,s ~\ s)
“dns=((tr)”
Js,8' tt,t,r e elems(tt) = {c} A sl' ~\ sl = map(shide({c}))({(t,7))) A
s=<8 AN#{((t,r)) =1 ANEQVTRACE(tt,{(t,r))) A s~ s=((t,r))
“Let s = (SNull(r)) and s" = ((¢t, 7)) ”
Jtt, t,reelems(tt) = {c} A sl ~ sl = map(shide({c}))({(t, 7)) A
EQVTRACE(tt,{(t,r)))
“ [ETs:def:cons]:{18| ”
Jit,t,reelems(tt) = {c} N EQVTRC(it,(t,r)) A sl' ~\ sl = map(shide({c}))(((t,7)))
“ [Acc:h:eq:elems:ET]:g11]”
It,reacc(t) = {c} A sl' < sl = map(shide({c}))({(t,7)))
“ map def”
It,reacc(t) = {c} A sl' < sl = (shide({c})(t,))
“sll sl = {((H, D))"
It,r, tl,rl e acc(t) = {c} A (tl, rl) = shide({c})(t,r) A sl ~~ sl = {(tl, 1))
“ [SHid:def]:p[15] "
t,tl,rl e acc(t) = {c} A tl = shideg{c}(t) A sl' ~~ sl = ((tl, rl))
“ [hide:it:is:null]:pf15] ”
Ftl,rl e acc(tl) =0 A sl ~ sl = {(tl, rl))
“ [HN:null): 417 ”
Ftl,rl e tl = hnull A sl ~~ sl = ((tl, rl))
“ [SN:def]:g12]”
Irl e sl ~~ sl = (snull(rl))
“ [DF:Null:equal]:p22] ”
Arlesl’ = sl AN EQVREF(sl') = rl
“ One point rule ”

sl =2 sl
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B Slotted-Circus Law Proofs

B.1 Prefix

B.1.1 Proof

[prefixLaw-1] : (c.e — Skip) A wait’ = CSP1(ok’ A R(WTC(c))) A wait’

(c.e — Skip) A wait’
“ [Comm:def]:p33]”

CSP1 (ok’ AR3 (WTC(C) <Qwait' > ( %%ec/'(:c)ft?]e%]/\\/lC(c) >)> A wait’
“ [CSP1:def]:j27}[R3:def]:p24] ”

(DIV V ook’ A I g <waitr> <WTC(C) Qwait'> ( ﬁ;l;%(:c)ft?;;\\/jc(c) ))) A wait’
“ [Cond:def]:p32)”

(DIV V ok' A I g <Qwait> (WTC(¢) A wait')) A wait’
“ [Cond:def]:p32]”

(DIV V ok' A I <wait> (WTC(c))) A wait’
“ [CSP1:def]: 427} [R3:def]:p24] ”

CSP1 (ok' AR3(WTC(c))) A wait’
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B.1.2

Proof

r_
[prefixLaw-2] : g35]  (c.e — Skip) A = wait’ = CSP1 <ok’ AR3 < state’ = state 1 (c) >) A —wait’

WTC(c); TRMC

(c.e — Skip) A — wait’
“ [Comm:def]:pf33]”

CSP1 <ok’ AR3 (WTC(C) Quait'> ( ﬁ,“%afﬁ;&c(c) ))) A ~wait’
“ [CSP1:def]:J27}[R3:def]:p24] ”

(DIV V ok" A g <waitr> (WTC(C) Qwait'> ( ﬁ;l;,e(;(:c)ftajfzzc(@ >)> A —wait’
“ [Cond:def]:p32] ”

(DIV V ok" A I g <waitr> (state’ = state N WTC(c); TRMC (c) A ~wait’)) A —~wait’
“ [Cond:def]:pf32]”

(DIV V ok' A I g <waitt> (state’ = state N WTC(c¢); TRMC(c))) A —wait’
“ [CSP1:def]: 27} [R3:def]:p24] ”

CSP1 (ok’ A R3 (state’ = state N WT'C(c); TRMC(c))) A ~wait’
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B.1.3

Given

Proof:

Proof
healthy P:

[prefixLaw-3] : (c.e — P) AN NOEVTS (slots, slots’)
= for healthy P
CSP1(ok' A R3(WTC(c) A wait')) AN NOEVTS (slots, slots”)

(c.e — P) AN NOEVTS (slots, slots")

“ [Px:def]: 33| ”
((c.e — Skip); P) A wait’ A NOEVTS (slots, slots’)

 [Comm:def]:1f33]”

, w state’ = state A\ )
(CSPl <0k AR3 (WTC(C) <wait' > ( WTC(c): TRMC(c) ))) ; P)
A NOEVTS (slots, slots)
“ property of NOEVENTS and seq comp ”
WTC(c)
, <Qwast' >
CSP1 | ok" A R3 ( state’ = state A

A NOEVTS (slots, slots'); P
WTC(c); TRMC(c) )
A NOEVTS (slots, slots’)
“ Logic b2
WTC(c)
, <Qwast’ >
CSP1 [ ok A R3 ( state’ = state A

A NOEVTS (slots, slots’) ; P
WTC(c); TRMC(c) )
A NOEVTS (slots, slots’)
“ Logic ”
WTC(c) N NOEVTS (slots, slots”)
CSP1 | of' AR3 zwaslfc;za’ = state N\

WTC(c); TRMC(c)

;P

e e N

) A NOEVTS (slots, slots’)

A NOEVTS (slots, slots’)
“ TRMC N NOEVENTS = False”

!/
<CSP1 <ok' AR3 ( WTC(c¢) N NOEVTS (slots, slots') )> ; P>

A wait’
N NOEVTS (slots, slots’)
“PisR3”

/
(CSPl <0k' AR3 ( /Ii[/ggt(/c) A NOEVTS (slots, slots”) )) : ER) A NOEVTS(slots, slots')

“ Property of I'p”
CSP1 (ok' AR3( WTC(c) Await' )) A NOEVTS(slots, slots")
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B.1.4 Lemma
The three proofs above also require the following lemmas:

[lemma:prefixLawal) P A Q = R A slots, slots’ not free in Q
=
R(P)A Q=R(R) A Q

Note that P A Q = R implies PA Q@ =R A Q.

Proof, assume antecedent to show:

R(P)AQ

“ [R:def]:”
R1(R2(R3(P))) A Q

“ [R1:distr:and]:p23] ”
R1(R2(R3(P)) A Q)

“ [R2:distr:and]:p24]”
R1(R2(R3(P) A Q))

“ [R3:def]: ”
R1(R2((I g <wait> P) A @))

“ A distributes through <> ”
R1(R2(I'r N Q <waitt> P A Q))

“ Assumption, with note ”
R1(R2(Ir N Q Quwait>> R A Q))

“ reverse st five proof steps ”
R(R)A Q

[lemma:prefixLawb] PAQ=R=CSP1(P)AN Q=CSPL(R) A Q
Proof, assume antecedent to show:

CSP1(P) A Q

= “ [CSP1:def]: 427"
(PVDIV)AQ

“ A=V distr. 7
PAQVDIVAQ

“ Assumption, with note ”
RAQVDIVAQ

“ reverse 1st two proof steps ”
CSP1(R) A Q
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B.1.5 Proof

Proof

WTC(c); TRMC(c) A c € ﬂ srefs(slots’ ~\ slots)

TRMC(c) A c € ﬂ srefs(slots’ \\ slots)

WTC(c); TRMC(c) A c € ﬂ srefs(slots’ ~\ slots)
« [TRMC:def]:1f33] "
(WTC(c); EVISNOW{c}(slots, slots"))
Ac€E ﬂ srefs(slots’ ~\ slots)
« WTC:def|:1f33]
(NOEVTS (slots, slots’) A ¢ ¢ U srefs(slots’ ~\ slots))
; EVTSNOW {c}(slots, slots’)
Ace ﬂ srefs(slots’ \\ slots)

“ [Seq:def]:{32] ”

Jslotsy @

NOEVTS (slots, slotsg) N ¢ ¢ U srefs(slotsy ~\ slots)
N EVTSNOW {c}(slotsy, slots’)

Ac€E ﬂ srefs(slots’ ~\ slots)

“ case split ”
#slots = Fslots’ A Aslotsy e

NOEVTS (slots, slotsy) A ¢ ¢ U srefs(slotsy ~\ slots)
A EVTSNOW { c}(slotso, slots’)

Ace ﬂ srefs(slots’ \\ slots)

V #slots # #slots’ A Tslotsy e

NOEVTS (slots, slotsg) N\ ¢ ¢ U srefs(slotsy ~\ slots)
A EVTSNOW {c}(slotsy, slots")

Ac€E ﬂ srefs(slots’ ~\\ slots)

“ casel ”

180
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“ casel ”
TRMC(c) A c € m srefs(slots’ ~\ slots)

V #slots # #slots’ A Tslotsy e

NOEVTS (slots, slotsg) A ¢ ¢ U srefs(slotsy ~x slots)
A EVTSNOW { c}(slotso, slots’)

AceE ﬂ srefs(slots’ ~\ slots)

“ case2 ”
TRMC(c) N c e m srefs(slots’ ~\ slots)
V false

“ logic ”
TRMC(c) A c € m srefs(slots’ ~\ slots)
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Casel

#slots = #slots’ A T slotsy e
NOEVTS (slots, slotsg) A ¢ ¢ U srefs(slotsy ~x slots)
N EVTSNOW { c}(slotso, slots’)
AceE ﬂ srefs(slots’ ~\ slots)

“ [NEV:is:R1:R2]: P30} erefEVN:is:R1:R2, arithmetic ”
dslotsy @
NOEVTS (slots, slotsy) A ¢ ¢ U srefs(slotsy ~\ slots)
N EVTSNOW {c}(slotsy, slots’)
Ace€ ﬂ srefs(slots’ \\ slots)
A Fslotsy = Fslots’ N #slots = #Fslotsy

“ [specificALaw-1]:p31] [specificALaw-3]:pf31]”

Jslotsy @

c¢ U srefs(slotsy ~x slots)

A EVTSNOW { c}(slotso, slots’)
Ac€E ﬂ srefs(slots’ \\ slots)

A slots =2 slotsy N\ #slots = #slotsy
“ property of \\777 7

dslotsy @
c ¢ sref (last(slotsy))
N EVTSNOW {c}(slotsy, slots’)
Ace ﬂ srefs(slots’ \\ slots)
A slots =2 slotsy N\ #slots = #£slotsy
« [EVN:deﬂ:”
dslotsy, tt e
c ¢ sref (last(slotsy))
A elems(tt) = {c.e} N EQVTRACE(tt, slots’ ~\ slotsy) A #slots’ = #slotsy
A slots =2 slotsy N\ #slots = #slotsy
Ace ﬂ srefs(slots’ \\ slots)
“ [proof:lemma:prefixLawb]: "
dslotsy, tt e
c ¢ sref (last(slotsy))
A elems(tt) = {c.e} N EQVTRACE(tt, slots’ ~\ slots) N #slots’ = #slotsg
A slots = slotsy N #slots = #slotsy
Ace ﬂ srefs(slots’ ~\\ slots)

“ arithmetics ”
dslotsy, tt e
c & sref (last(slotsy))
A elems(tt) = {c.e} N EQVTRACE(tt, slots’ ~\ slots) A #slots’ = #slots
A slots =2 slotsy N\ #slots = #slotsy
AceE ﬂ srefs(slots’ ~\ slots)

« [EVN:def]:J30] ”
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= “ [EVN:def]:H30]
d slotsy e
c ¢ sref (last(slotsy))
EVTSNOW {c}(slots, slots")
A slots =2 slotsy N\ #slots = #£slotsy
AcE ﬂ srefs(slots’ \\ slots)
“ [SSEQV:len]:p???7??, [SSEQV:expand]:p20] [pfx:ignores:ref:2]:p12] seq def 7777 7
EVTSNOW {c}(slots, slots")
Ace ﬂ srefs(slots’ \\ slots)
“ [TRMC:def]:1f33]
TRMC(c) A c € m srefs(slots’ ~\ slots)
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Case2

#slots # #slots’ A slotsy e
NOEVTS (slots, slotsg) A ¢ ¢ U srefs(slotsy ~x slots)
N EVTSNOW {c}(slotso, slots’)
Ace ﬂ srefs(slots’ ~\ slots)
“ [NEV:len]:p??, [EVN:def]:430] ”
#slots # Fslots’ A slotsy e
NOEVTS (slots, slotsg) N #slots < #slotsy A ¢ & U srefs(slotsy ~x slots)
N EVTSNOW {c}(slots, slots") N #slotsy = #slots’
Ac€E ﬂ srefs(slots’ ~\ slots)
“ [DF:len]:pg22}arithmetics ”
dslotsy @
NOEVTS (slots, slotsy) N #(slotsy ~~ slots) > 1A ¢ ¢ U srefs(slotsy ~x slots)
N EVTSNOW {c}(slotsy, slots’) N\ #slotsy = #slots’
Ace ﬂ srefs(slots’ ~\ slots)
“ slotsg ~\ slots has more then one slot ”
dslotsg, t,r,sl,s e
NOEVTS (slots, slotsg) A #(slotsy ~x slots) > 1 A ¢ ¢ U srefs(slotsg ~x slots)
N EVTSNOW {c}(slotso, slots") N #slotsy = #slots’
Ace ﬂ srefs(slots’ ~\ slots)
A slotsg N~ slots = ((t, 1)) —~ sl ~ (s)
“ set theory ”
dslotsy, t,r,sl,s e
NOEVTS (slots, slotsg) A #(slotsg ~x slots) > 1 A ¢ ¢ U srefs(slotsy ~x slots)
N EVTSNOW {c}(slotso, slots") N #slotsy = #slots’
Ac€E ﬂ srefs(slots’ ~\ slots)
A slotsg N~ slots = ((t, 1)) —~ sl —~ (s) A ¢ & Ref(t,r)
“ [EVN:is:R1:R2]:p30] "
dslotsg, t,r,sl,s e
NOEVTS (slots, slotsg) A #(slotsy ~x slots) > 1 A ¢ ¢ U srefs(slotsy ~x slots)
N EVTSNOW {c}(slotso, slots") N #slotsy = #slots’ A slotsy < slots’
Ac€E ﬂ srefs(slots’ ~\ slots)
A slotsg ~~ slots = ((t, 1)) —~ sl —~ (s) A ¢ & Ref(t,r)
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dslotsg, t,r,sl,se
A slotsy < slots’
A slotsg ~~ slots = ((t,7)) —~ sl ~ (s) A ¢ & Ref(t,r)
Ac€ ﬂ srefs(slots’ ~\ slots)
= “properties of slot substraction and ordering’
dslotsg, t,r,sl, s
((t, 1)) ~ sl < slots’ ~\ slots A ¢ & Ref(t,r)
Ac€ ﬂ srefs(slots’ ~\ slots)
= “set theory, srefs def”
dslotsg, t,r,sl, s e
((t,r)) —~ sl < slots’ ~ slots N\ ¢ & Ref (t,r)
Ac€E ﬂ srefs(slots’ ~\ slots) A ¢ € Ref(t,r)
“ Logic ”
False

B.1.6 Lemma

slots, < slots. A slotsy < slots, =
((dif (slots., slots,) = dif (slots., slotsy)) = (slots, = slotsy))

B.2 Sequential Composition

B.2.1 Proof

of [seqLaw-1]:H36]
STOP; A= STOP, A healthy
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Proof sketch by Pawel:

STOP; A
“ A is CSP1 and R3 healthy ”
STOP; CSP1(R3(4))
“ [Stop:def]:p32)”
CSP1(R3(ok’ A wait’ N NOEVTS (slots, slots’))); CSP1(R3(A))
“ [comp:CSP1:closed]:J27} [comp:R3:closed]:pf25] ”
CSP1(R3((ok’ A wait’ AN NOEVTS (slots, slots")); A))
“ [Seq:def]:H32] ”
CSP1(R3(3 0bsy ® oky A waity AN NOEVTS (slots, slotsg) N Alseq]))
“AisR37
CSP1(R3(3 0bsy ® oky N waity N NOEVTS (slots, slotsy) A (I glseq] <waitol> Alseq])))
“cA(A<e> B) = c A A, [lirdef]:p24]”
CSP1(R3(3 obsy e okg A waity AN NOEVTS (slots, slotsy) A (DIV [seq] V ok’ A RSTET[seq])))
“ okg N DIV [seq] = FALSE ”
CSP1(R3(3 0bsy ® oky A waity AN NOEVTS (slots, slotsy) A ok’ AN RSTET[seq]))
“ [Seq:subs]:f32] ”
CSP1(R3(3 obsg ® oky A waity A NOEVTS (slots, slotsy)
A ok’ A\ waity = wait’ A slotsy = slots’))
“ one-point ”
CSP1(R3(3 oky ® okg A ok’ A wait’ N NOEVTS (slots, slots')))
“Jbeb=TRUE”
CSP1(R3(ok’ A wait’ AN NOEVTS (slots, slots’)))
“ [Stop:def]:p32) backwards ”
STOP
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B.2.2 Lemma

[Lemma3.6-1-1]:1{187]

[Lemma3.6-1-1] DIV; (wait AN Ig) = DIV

DIV; (wait A IR)
“ [Seq:def]:{32] ”
J obsy @ DIV [0bsy/0bs'] A waity A I r[obsy/ 0bs]
“ [lir:def]:p24]”
Jobsy @ DIV [0bsg/0bs'] A waity A (DIV [obsy/obs] V ok’ AN RSTET[obsy/ 0bs])
¢ distributivity ”
J obsy @ DIV [0bsy/obs'] A waity A DIV [0bsy/0bs| V
DIV [obsy/0bs’] A waity A\ ok’ AN RSTET[obsy/ 0bs]
“ [DIV:def]:p24] substitution, distr. quantifier ”
(3 obsy @ = ok A slots < slotsy N\ waity A = ok A slotsy < slots’) Vv
(Fobsg ® = ok A slots < slotsy A waity A ok’ AN RSTET[obsy/ 0bs])
“ Line 1: [EX:trans]:d19} shrink quantifier; Line 2: [one-point:RSTET]:{25]”
= ok A slots < slots’ A (3 obsy e slots < slotsg N\ waity A slotsy < slots’) Vv
(3 oko ® = ok A slots < slots’ A wait’ A ok”)
“ Line 1: witness waity = TRUE, slotsy = slots Line 2: drop quantifier ”
= ok A slots < slots’ A slots < slots’ V
— ok A slots < slots’ A wait’ N ok’
“ [DIV:def]:p24] backwards ”
DIV v DIV A wait’ A ok’
“ absorbtion ”
DIV
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B.2.3 Proof

of [seqlLaw-2]:p36)

Proof:

(z:=e); (z:=f(z)

“ Assignment is CSP1,R3 (see [Asg:def]:p33) ~

CSP1(R3(z := ¢)); CSP1(R3(z := f(z)))

“ [comp:CSP1:closed]:J27} [comp:R3:closed]:p25] ”

CSP1(R3(z :=e; z := f(x)))

“ [Asg:def]: P33} [Seq:def]:H32] "
CSP1(R3(3 0bsy ® ok = okg A oky = ok’
wait = waity A waity = wait’
slots = slotsy A slotsy = slots’
stateg = state @ {x — val(e, state)}
state’ = stateg © {x — val(f(z), statey)}))
“ one-point, all except statey ”

CSP1(R3(3 statey ® ok = ok’ A wait = wait’ A slots = slots’
statey = state & {z — wval(e, state)}
state’ = stateg ® {x — wval(f(x), statey)}))

“ stateg(x) = e, val(f (z), stateg) = val(f (e), state) ”

CSP1(R3(3 statey ® ok = ok’ A wait = wait’ A slots = slots’
statey = state @ {x — wval(e, state)}
state’ = stateg @ {z — wval(f(e), state)}))

“ one-point ”
CSP1(R3(ok = ok’ A wait = wait’ A slots = slots’
state’ = (state ® {x — wval(e, state)}) ® {x — val(f(e), state)}))
“ map override ”
CSP1(R3(ok = ok’ A wait = wait’ A slots = slots’
state’ = state ® {x — wval(f(e), state)}))
“ [Asg:def]:p33] "
z:=f(e)
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B.2.4 Proof

of [seqLaw-3]:p36)

Wait n; Wait m = Wait (m + n)

Proof sketch by Pawel:

Wait n; Wait m
“ Wait is healthy, see [Wait:def]:433]”
CSP1(R(Waitn)); CSP1(R(Wait m))
“ [comp:CSP1:closed]:J27} [comp:R:closed]:p?? ”
CSP1(R(Wait n; Wait m))
¢ Wait is R3-healthy ”
CSP1(R(Wait n; R3(Wait m)))
“ [R3:def]: 20"
CSP1(R(Wait n; Ir <waitt> Wait m))
“ [Seq:def]:f32] ”
CSP1(R(3 0bsy ® (Wait n)[seq'] A (I r <Qwait> Wait m)[seq]))
“ [Wait:def]:433]
CSP1(R(J obsy ® (ok' AN DELAY (n) A NOEVTS (slots, slots’))[seq’]
A (I g <Qwaitt> ok’ A DELAY (m) A NOEVTS (slots, slots"))[seq]))
“ substitute ”
CSP1(R(J obsy ® oky A DELAY (n)[seq'] N NOEVTS (slots, slotsy)
A (I g[seq] <waity> ok’ A DELAY (m)[seq] AN NOEVTS (slotsy, slots’)))
“ [Del:def]: 433} substitute ”
CSP1(R(3 obsy ® okg N NOEVTS (slots, slotsy)
N (DELW (n)[seq'] <waityt> DELD(n)[seq'])
A (I gl
<Qwaity>
ok’ N NOEVTS (slotsg, slots’) A (DELW (m)[seq] <wait't> DELD(m)[seq])
“(A<e> B)A(D<e> E)=(AAD)<e>(BAE)”
CSP1(R(3 obsy ® okg N NOEVTS (slots, slotsy)
(DELW (n)[seq') A I s
<Qwaity>
(DELD(n)[seq'] A ok’ A NOEVTS (slotsy, slots’) A (DELW (m)|[seq] <wait't> DELD(m)[seq])
“ Cond:def ”
CSP1(R(3 obsy ® okg N NOEVTS (slots, slotsg) A (
waity A DELW (n)[seq’] A I[seq]
V = waity A wait’ A DELD(n)[seq'] A ok’ A NOEVTS (slotsy, slots’) A DELW (m)|seq]
V = waity A = wait’ A DELD(n)[seq'] A ok’ AN NOEVTS (slotsy, slots’) A DELD(m)[seq])
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“ 3 — v distr., calculations (1)—(3) below ”
CSP1(R3(ok" A wait’ N NOEVTS (slots, slots’) A (#slots’ — #slots < n) V
ok’ N wait’ N NOEVTS (slots, slots’) A #slots’ — #slots < m +n V
ok! A = wait’ N NOEVTS (slots, slots’) A #slots’ — #slots = m + n A state’ = state))
“ common factors ”
CSP1(R3(ok’" A NOEVTS (slots, slots’) A
(wait’ A (Fslots’ — #slots < n V #slots’ — #slots < m +n) V
= wait’ A #slots’ — #slots = m + n A state’ = state)))
“a<nVa<n+m=a<n+m, [Conddef]:P32”
CSP1(R3(ok’" A NOEVTS (slots, slots’) A
(#slots' — #slots < m + n) <wait't> #slots’ — #slots = m + n A state’ = state)))
“ [Del:def]: 33} backwards ”
CSP1(R3(ok’ A DELAY (n+ m) A NOEVTS(slots, slots’)))
“ [Wait:def]:J33] backwards ”
“ Wait (n+m) ”
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We now simplify parts (1),(2),(3), under quantification and assumption 3 0bsy e okog A NOEVTS (slots, slotsy)

(1) Jobsy ® okg AN NOEVTS (slots, slotsg) N
waity A DELW (n)[seq'] A I r[seq]
“ [DELW:def]: 433} [lr:def]:p24] [DIV:def]:p24] substitute ”
Jobsy ® oky AN NOEVTS (slots, slotsy) A
waity A (#slotsy — #slots < n)
A (= okg AN GROW [seq] V ok’ A RSTET[seq])
“ okg and — okg ”
Jobsy ® oky AN NOEVTS (slots, slotsy) A
waity N (F#slotsg — #slots < n) A ok’ A RSTET[seq]

I »

“ one-point, RSTET [seq] equates 19 =
Joky @ oky A NOEVTS (slots, slots’) A

wait’ A (#slots’ — #slots < n) A ok’

“ shrink scope, 3be b ”
ok’ A wait’ N NOEVTS (slots, slots’) A (#slots’ — #slots < n)
ok’ N wait’ N NOEVTS (slots, slots’) A\ #slots’ — #slots < m +n

(2) Jobsy ® okg A NOEVTS (slots, slotsy) N
= waity A wait’ N DELD(n)[seq’] A ok’ AN NOEVTS (slotsy, slots’) N DELW (m)[seq]
“ [DELD:def]: P33 [DELW:def]:d33] substitute ”
Jobsy ® oky A NOEVTS (slots, slotsp) N
- waity A wait’ A #slotsy — #slots = n A statey = state
A ok AN NOEVTS (slotsg, slots’) A #slots’ — #slotsy < m
“ arithmetic, [NEV:trans]:p31]”
Jobsy ® oky A NOEVTS (slots, slotsp) A
- waity A wait’ A\ #slotsy — #slots = n A statey = state
A ok" A NOEVTS (slotsg, slots’) A #slots’ — #slotsy < m
A NOEVTS (slots, slots’) A #slots’ — #tslots < m +n
“ one-point (statey), shrink scopes ”
(3 oky, waity ® okg A — waity) N
(I slotsy © NOEVTS (slots, slotsg) A #slotsy — #slots = n
A NOEVTS (slotsg, slots’) N #slots’ — #slotsg < m) A
ok’ A wait’ AN NOEVTS (slots, slots’) A #slots’ — #slots < m +n
“ witnesses TRUE, FALSE for okg, waity ”
(F slotsy @ NOEVTS (slots, slotsg) A #slotsy — #slots = n
A NOEVTS (slotsg, slots’) A #slots’ — #slotsg < m) A
ok’ A wait’ AN NOEVTS (slots, slots’) A #slots’ — #slots < m +n

2

“ witness slotsy = slots tf ((slots’ ~x slots)[1...n])
ok’ A wait’ N NOEVTS (slots, slots’) A #slots’ — #slots < m +n
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Jobsy ® ok A NOEVTS (slots, slotsy) A
= waity A — wait’ AN DELD(n)[seq'] A ok’ A NOEVTS (slotsy, slots') A DELD(m)[seq])
“ [DELD:def]:p33} substitute

Jobsy ® oky AN NOEVTS (slots, slotsy) A
- waity A - wait’ A #slotsy — #slots = n A statey = state

A ok’ N NOEVTS (slotsg, slots’) A #slots’ — #slotsg = m A state’ = stateg
“ one-point (state), arithmetic, [NEV:trans]:f31] ”

3 ok, waity, slotsy ® oky N NOEVTS (slots, slotsy) A
- waity A - wait’ A #slotsy — #slots = n

A ok" A NOEVTS (slotsg, slots’) A #slots’ — #slotsy = m

A NOEVTS (slots, slots') A #slots’ — #slots = m + n A state’ = state
“ shrink scopes ”

(3 oko, waity ® oky N — waity)

(3 slotsy ¢ NOEVTS (slots, slotsy) A #slotsg — #slots = n A

NOEVTS (slotsy, slots") N #slots’ — #slotsy = m)

ok’ A = wait’ N NOEVTS (slots, slots’) A #slots’ — #slots = m + n A state’ = state
“ witnesses TRUE, FALSE for okg, waity ”

(3 slotsy © NOEVTS (slots, slotsy) A #slotsg — #slots = n A

NOEVTS (slotsy, slots") N #slots’ — #slotsy = m)

ok’ A = wait’ AN NOEVTS (slots, slots’) A #slots’ — #slots = m + n A state’ = state
“ witness slotsy = slots tff ((slots’ ~\ slots)[1...n])”

ok’ N\ = wait’ N NOEVTS (slots, slots’) A #slots’ — #slots = m + n A state’ = state
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C Synchronous CSP is not Slotted-Circus

This section attempts to define SCSP [Bar93| as a slotted theory, and fails, but demonstrates a
fundamental difference between refusals in that theory, and their réle in almost any other CSP-like
theory, including Circus and Slotted- Circus.

We proceed at the slot level, noting that we require a disjointness invariant (not found in other
slot instantiations):

[SCSP:SLOT :structure] slot, (acc, ref) € SCSPE=PE xPFE
[SCSP:SLOT:inv] invSCSP(acce, ref) = acc N ref =0

C.0.5 Accepted and Refused Events and Equivalent Traces

With a slot we associate the set of events accepted (Acc) as well as the possible trace equivalents
(EquTre).

[SCSP:ACC:sig] Accscsp : SCSPE —-PE
[SCSP:ACC:def] Acc(ace, ref) = ace
[SCSP:ET:sig] EquTrcsesp : E* «+ SCSP E
[SCSP:ET:elems] EquTre(tr, (ace, ref)) = elems(tr) = acc

C.0.6 Null Slots

We require the notion of a null slot with no accepted events, but capable of supporting arbitrary
refusals.

[SCSP:SN:sig] SNullscsp :PE — SCSP E
[SCSP:SN:def] SNull(ref) = (0, ref)
[SCSP:SN:ref] Ref (ace, ref) = ref
[SCSP:SN:null] Acc(SNull(ref)) =0
[SCSP:SN:eq] SNull(r) = SNull(r") = r =1

All laws hold.

C.0.7 Slot Prefix Relation

The relation <scsp captures the notion of one slot being a prefix of another:

[SCSP:pfx:sig] <scsp: SCSP E «— SCSP E
[SCSP:pfx:def] (acer, refi) Sscsp (acca, refa) = acey C acey
[SCSP:pfx:refl] slot < slot = TRUE
[SCSP:pfx:trans] sloty = sloty N sloty = slots = slot; < slots
[SCSP:pfx:anti-sym] sloty = sloty N sloty = slot; = sloty = sloty
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The following properties are required:

[SCSP:SN:pfx] SNull(r) = slot

[SCSP:ET:pfx] sloty = sloty = Fitry, tro @ EquTre(try, s1) A EquTre(try, s3) A try < try
[SCSP:pfx:ignores:ref:1] sloty = sloty A sloty < sloty # Ref (slot;) = Ref (slots)
[SCSP:pfx:ignores:ref:2]

sloty <X sloty =V 11, 12 @ sloty[r1] < slota[rs]

All hold.

C.0.8 Slot Addition (Concatenation)

We also need to have the notion of adding slots in a manner analogous to concatenation:

[SCSP:Sadd:sig] Saddscsp : SCSP E x SCSP E — SCSP E
[SCSP:Sadd:def] Saddscsp((a1,m1), (az2,72)) = (a1 U az, 12 \ a1)

Note that, unlike other slot instances, that we need to modify the 2nd argument refusal, in order
to preserve the SCSP slot invariant.
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We can show the following required properties,

[SCSP:Sadd:events] Acc(Sadd(s1, s2)) =7Acc(s1) U Ace(s2)
Acc(Sadd((ar, 1), (az,12)))
Ace((ay U ag, 12 \ a1)
= @ Ua OK
[SCSP:Sadd:assoc] Sadd(s1, Sadd(sz, s3)) = Sadd(Sadd(s1, s2), s3)
Lhs Sadd((a1,m1), Sadd((az, r2), (a3, r3)))
Sadd((a1,m1), (az U as, r3 \ az))
agUaaUaz,r3\ a2\ a1)
Rhs Sadd(Sadd((a1,m1), (a2, 12)), (as, 13))
Sadd((ay U ag, 2 \ a1), (a3, 13))
(aaUagUag,rs \ (a1 U az))
[SCSP:Sadd:prefix] s =< Sadd(s,s)
(a,r) =% Sadd((a,r),(a’,7"))
(a,7) 2 (aUd, 7"\ a)
aCaUd
[SCSP:Sadd:ref] Ref(Sadd(s1, s2)) = Ref(s2)
Ref (Sadd((ay, 1), (a2, 12)))
Ref ((a1 U ag, 5 \ ay))

= T2 \ ay
# 12 = Ref(ag, r2)
[SCSP:Sadd:unit] Sadd(s1, s2) = s1 = s2 = SNull(Ref (s1))

Sadd((a1,11), (az,12)) = (a1, 11)
(maUag,mm \ a1) = (a1, 1)

= gqUa=aAn\ag=mn

= CauAn\ag=mn

Z (az,m2) =(0,m)

We find that [Sadd:ref] is not compatible with the SCSP invariant, but more importantly, that
we cannot guarantee [Sadd:unit], even if the invariant is not required!

There is a derived notion of slot equivalence, introduced formally later (3.3.4)), and we require
SAdd to have the following property w.r.t. to such an equivalence:

[SCSP:Sadd:eqv:unit] SAdd(s1,82) = 1 = $3 = SNull(Ref (s2))

where slot, =~ slot, = slot, =< sloty N sloty < slot,

Note that this is weaker than the unit law [Sadd:unit], but also fails, for the same reason.

Finally, we introduce the following binary shorthand for Sadd :

[SCSP:Sadd:binop] s1 4 82 = Sadd(sy, s2)
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C.0.9 Slot Subtraction

The related notion of slot-subtraction is also required:

[SCSP:Ssub:sig] Ssubyy :HEXHE-+HE
Ssubscsp :SCSP ExSCSP E + SCSP E

where the second argument is subtracted from the first.

As for addition, we define slot subtraction to retain the refusal of its first argument:
[SCSP:Ssub:def] Ssubscsp((h1, 1), (ha, 12)) = (Ssuby(hy, ho), 1)
Subtraction is partial, and needs to obey a large collection of laws:

[SCSP:Ssub:pre] pre Ssub(hy, hy) = by < Iy
pre Ssub(s1, 82) = $2 X 81
[SCSP:Ssub:events] hy = hy A B' = Ssub(hy, hy) =
Acc(hy) \ Ace(hg) C Ace(h') C Ace(h)
[Ssub:events|scsp 5o 281 A s’ = Ssub(sy, 82) =
Acc(s1) \ Ace(sy) C Ace(s’) C Ace(sy)
[SCSP:SSub:ref] Ref (Ssub(slot’, slot)) = Ref (slot")
[SCSP:SSub:self] Ssub(h, h) = HNull
Ssub(s, s) = SNull(Ref (s))
[SCSP:SSub:nil] Ssub(h, HNull) = h
Ssub(s, SNull(r)) = s
[SCSP:SSub:same] hist < hist,, A hist < hist; =
Ssub(hist!,, hist) = Ssub(histy, hist) = hist] = hist;
[SSub:same|scsp slot < slot!, A slot < slot;, =
Ssub(slot!,, slot) = Ssub(slot,, slot) = slot!, = slot,
[SCSP:SSub:subsub] hist, = hist, A hist. =< histy, N\ histy =< hist,
= Ssub(Ssub(hist,, hist.), Ssub(histy, hist.)) = Ssub(hist,, histy)
[SSub:subsub]scsp slot. =< slot, A slot. =< slot, A sloty = slot,
= Ssub(Ssub(slot,, slot.), Ssub(sloty, slot.)) = Ssub(slot,, sloty)

The law [Ssub:events] may seem a little weak, but in general subtracting s, from s; does not
guarantee that the result will not mention events in s;. As for Sadd, we need a property linking
Ssub and slot equivalence:

[SCSP:SSub:eqv] s1 /% 89 = Ssub(sy, s2) = SNull(Ref (s1))
where slot, =~ slot, = slot, < sloty, A slot, = slot,

This law is a consequence of the anti-symmetric of <4/, and the laws [SSub:self] and [Ssub:def].

Finally, we introduce the following binary shorthand for Ssub :

[SCSP:Sadd:binop] 81\ 83 = Ssub(s, s2)
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C.0.10 Relating Addition and Subtraction

We also require addition and subtraction to satisfy the following laws, the first of which can be
considered a defining feature of subtraction, and the second being required to ensure that R2 (see
[R2:def]:p23)) is idempotent:
[SCSP:Sadd:Ssub] hist < hist’ = Sadd(hist, Ssub(hist’, hist)) = hist’
slot < slot’ = Sadd(slot, Ssub(slot’, slot)) = slot’
[SCSP:Ssub:Sadd] Ssub(Sadd(hy, he), h1) = hy
Ssub(Sadd(s1, s2), 51) = S2
We will allow certain variants of slotted- Circus that fail to satisfy [Ssub:Sadd], provided a different
form of the R2 healthiness condition is used. An example of this is that case where we model

the event occurrences as a set, and Sadd and Ssub correspond to set union and set difference
respectively. In this case it is generally the case that:

(SLuS)\ S # 5%  eg: ({a}U{a})\{a} =0 # {a}.

C.0.11 Hiding Slot Events
We need to specify how to hide events in a slot:

[SCSP:SHid:sig] SHidey; :PE—-HE —-HE
SHidescsp :PE — SCSP E — SCSP E

Hiding shrinks the event-set, and enlarges the refusals:

[SCSP:SHid:def] SHidescsp(hid)(hist, ref ) = (SHidey (hid)hist, refs U hid)

[SCSP:SHid:evts] Acc(SHide(hid)(h)) = Acc(h) \ hid
Acc(SHide(hid)(s)) = Ace(s) \ hid
[SCSP:SHid:refs) Ref (SHide(hid)(s)) = Ref(s) U hid

C.0.12 Slot Synchronisation

Finally, we need a function that captures the way in which two slots can synchronise on a given
channel-set:

[SCSP:SNC:sig] SSyncy :PE—-HExXxHE —-PHE)
SSyncscsp :PE — SCSP E x SCSP E — P(SCSP E)

We define the slot-version in terms of the history one as follows:

[SCSP:SNC:def] SSyncscesp(cs)((histy, refy), (hista, refz)
= SSyncy(cs)(histy, histy) x {RSync(cs)(refi, refa) }
[SCSP:RSYN:sig] RSync:PE —-PEXPE —-PE
[SCSP:RSYN:def] RSync(es)(r,m2) = ((mUme)Nes)U ((rpNre) \ cs)
[SCSP:RSYN:sym] RSync(cs)(r1, 12) = RSync(cs)(ra, m1)
[SCSP:RSYN:assoc] RSync(cs)(r1, RSync(cs)(ra, r3) = RSync(cs)(RSync(cs)(ry, 12),13)
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Synchronisation needs to satisfy the following:

[SCSP:SNC:sym| SSync(es)(hi, he) = SSync(cs)(ha, h1)

SSync(cs)(s1, s2) = SSync(cs)(s2, s1)
[SCSP:SNC:null] SSync(es)(SNull(ry), SNull(r2)) = {SNull(RSync(r1, 12))}
[SCSP:SNC:one] VA’ € SSync(cs)(hi, HNull) ® Acc(h') C Acc(h) \ cs

Vry eVs' € SSync(cs)(si, SNull(ry)) @ Acc(s") C Ace(sy) \ cs
[SCSP:SNC:only] h' € Ace(SSync(ces)(hi, b)) = Acc(h’) C Ace(hy) U Ace(hs)

s’ € Acc(SSync(cs)(s1,82)) = Ace(s") C Ace(s1) U Acce(sz)
[SCSP:SNC:sync] "€ Acc(SSync(cs)(hi, ha)) = cs N Acc(h') C es N (Ace(hy) N Ace(hg))

s € Ace(SSync(cs)(s1, 52))

Note that these laws are weaker than might be expected—in particular, they do not specify the
difference between what happens to events common to both slots, wvis-a-vis their membership
of the synchronisation set. This aspect of behaviour depends on the specifics of a given slotted
theory.

= cs N Ace(s’) C es N (Ace(s1) N Ace(s2))

We would like an associativity principle, but in order to do that we need to handle sychronisation
of one history against a set of same:
[SCSP:SNCS:sig] SyncSet :PE —-HE —-P(HE)—P(HE)
[SCSP:SNCS:def]| SyncSet(cs)(h)(H) = U{SSync(cs)(h, B')| K € H}
[SCSP:SNC:assoc] SyncSet(cs)(hi)(SSync(cs)(ha, h3)) = SyncSet(cs)(hs)(SSync(cs)(hi, h2))
SyncSet(cs)(s1)(SSync(cs)(s2,s3)) = SyncSet(cs)(ss)(SSync(cs)(s1, s2))
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D Slotted-Circus Proof Principles

D.1 Proof Principles

D.1.1 Generalised One-point

Of particular importance, because of the extensive use of slots’ = slots rather than slots’ = slots,
is the following generalisation of the one-point rule:

[Gen:One-Point] (FpeQ(p)Ap

where

q) =3be Q((mq,b))

p: P AXB

m P — A
7T2:P—>B

(p=~q)=(mp=myq)

In other word, P is (isomorphic to ) a product type, and ~ is defined as equality over a projection

from that type.
Proof:

dpeQ(p) ANp=~q

= “ one-point rule backwards, a : A, b : B fresh ”

Ja,b,pe Q(p) AN\p~qgAa=mpAb=mp

“ rewrite equalities (possible for products) ”

Ja,b,pe Q(p) Np~=qAp=(ab)

“ one-point rule, p ”?

Ja,be Q((a,b)) A (a,b) ~q

“defn ~”

Ja,be Q((a,b)) Na=mq

“ One-point rule, a ”

b e Q((m1q,b))

In effect, we are performing a change of variables where they are related by a bijection.

We need a few bijections for slots:

slot : SEXRHEXPE

hist : HE

ref : PE

slot = (hist, ref) — bijection
slots :+ (SE)t & (HExPE)*"
prior : (SE)*

slots = prior ™ ((hist, ref))

— bijection
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Another variant arises when the relationship isn’t quite an isomorphism:

slots : (SE)Y & (SExPE)"
evtre : (S'E)T
refs : (PE)*
slots = zip(evtre, refs) — not quite, requires #evirc = #refs

Assume the following definitions:

a : A
b : B*
s ST=(AxB)
unzip : S — A* x B*
unzip(s) = (a,b)wherea = (m)*s A b= (ma)"s
zip : A"xX B*+ §*

1D

pre zip(a, b) #a = H#b

zip(a,b) = swherea = (m)"s A b= (m2)"s
TRUE = pre zip(unzip(s))
zip(unzip(s) = s

pre zip(a,b) = wunzip(zip(a,bd)) = (a,b)

We explore using this relationship in a one-point style situation, where we have the following
definition of ~:

s~s = (m)'s=(m)"s

s~s = m(unzip(s)) = mi(unzip(s))

JseP(s)As~s
= “ reverse one-point, a, b ”
Ja,b,s e P(s) As=~s"A(a,b) = unzip(s)
“ flip equality ”
Ja,b,s e P(s) ANs=~s" Ns=zip(a,b) N#a=#Db
“ one-point s ”
Ja,be P(zip(a,b)) A zip(a,b) ~ s A #a = #b
“ alternate defn. of ~7”
Ja,be P(zip(a,b)) A i (unzip(zip(a, b)) = mi(unzip(s')) A #a = #b
“ pre-zip holds ”
Ja,be P(zip(a,b)) A mi(a,b) = m1(unzip(s')) A #a = #b
“ projection ”
Ja,be P(zip(a,b)) A a=m(unzip(s')) A #a = #b
“ one-point a ”
b e P(zip(mi(unzip(s')), b)) A #m1(unzip(s')) = #b
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D.1.2 Change of Variable

We can also do wholesale variable changes in this manner:

P(slots, slots")
“ reverse one-point, introducing prior, hist, ref, prior’, hist', ref’ ”
Aprior, hist, ref , prior’, hist’, ref’ o
P(slots, slots")
A prior = front(slots) A hist = last(slots).1 A ref = last(slots).2
A prior’ = front(slots") A hist’ = last(slots’).1 A ref’ = last(slots’).2
“ Invert equalities ”
A prior, hist, ref , prior’, hist', ref’ o
P(slots, slots")
A slots = prior ~ ((hist, ref))
A slots’ = prior’ ™ ((hist’, ref’))
[Intro:prior-hist-ref]

Now consider the following variation:

T slotsy e P(slots, slotsy, slots’)
“ reverse one-point, introducing priory, histy, refy ”
I priory, histy, refy, slotsy e
P(slots, slotsy, slots”)
A priory = front(slotsy) A histy = last(slotsy).1 A refy = last(slotsy).2
“ Invert equalities ”
I priory, histy, refy, slotsy e
P(slots, slotsy, slots”)
A slotsy = priorg — ((histy, refy))
“ One-point slotsy ”
I priory, histy, refy @
P(slots, prioro ~ {(histy, refy)), slots”)
[Change:slots:prior-hist-ref]
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D.1.3 Variable Change: <

[EX:prior:hist:ref] P A slots < slots’ =
Aprior, hist, ref , prior’, hist', ref’ o P A
prior < prior’ A (hist, ref) < (prior’ ™ ((hist’, ref")))(#prior + 1)
A slots = prior ™ ((hist, ref ))
A slots’ = prior’ ™ ((hist’, ref’))

P A slots < slots’
“ [Intro:prior-hist-ref]:p201] ”
A prior, hist, ref , prior’, hist’, ref’ o
P A slots < slots’
A slots = prior ™ ((hist, ref))
A slots’ = prior’ ™ ((hist’, ref’))
« [EX:def]:fT0]”
A prior, hist, ref, prior’, hist’, ref’ o
P A front(slots) < slots’
A last(slots) < slots'(#slots)
A slots = prior ™ ((hist, ref))
A slots’ = prior’ ™ ((hist’, ref’))

! 9

“ Liebniz slots, slots
A prior, hist, ref , prior’, hist’, ref’ o
P A front(prior ™ ((hist, ref))) < prior’ ™ ((hist’, ref’))
A last(prior ™ ((hist, ref ))) = (prior’ ™ ((hist’, ref"))) (#(prior ™ ((hist, ref))))
A slots = prior ™ ((hist, ref))
A slots’ = prior’ ™ ((hist’, ref’))
“defn front, last, #, <”

Aprior, hist, ref , prior’, hist’, ref’ o

P A prior < prior’
A (hist, ref) = (prior’ ™ ((hist’, ref"))) (#prior + 1)
A slots = prior ~ ((hist, ref))
A slots’ = prior’ ™ ((hist’, ref’))
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D.1.4 Variable Change: =

[SSEQV:prior:hist:ref] Q A slots = slots’ =

A prior, hist, ref, ref’ o Q A
slots = prior ™ ((hist, ref ))
A slots’ = prior ™ ((hist, ref"))

Q A slots = slots’
 [SSEQV:def]:1f20]
Q A slots < slots’ A slots’ < slots
“ [Intro:prior-hist-ref]:p201] ”
A prior, hist, ref, prior’, hist’, ref’ @ Q A
slots < slots’ A slots’ < slots
A slots = prior ™ {(hist, ref)) A slots’ = prior’ ™ ((hist’, ref’))
“ Liebniz, slots, slots’ ”
A prior, hist, ref, prior’, hist’, ref’ @ Q A
front(prior ™ ((hist, ref))) < prior’ ™ ((hist', ref’))
A last(prior ™ ((hist, ref ))) < (prior’ ™ ((hist’, ref"))) (#(prior ™ ((hist, ref))))
A front(prior’ ™ ((hist’, ref’))) < prior ™ ((hist, ref))
A last(prior’ ™ {(hist’, ref’))) = (prior ™ ((hist, ref ))) (#(prior’ ™ ((hist’, ref’))))
A slots = prior ™ ((hist, ref)) A slots’ = prior’ ™ ((hist’, ref’))
“ props. and defs. of front, last, < and # ”
A prior, hist, ref , prior’, hist’, ref’ @ Q A
prior < prior’ A (hist, ref) < (prior’ ™ ((hist’, ref")))(#prior + 1)
A prior’ < prior A (hist’, ref") < (prior ™ ((hist, ref)))(#prior’ + 1)
A slots = prior ™ ((hist, ref)) A slots’ = prior’ ™ ((hist’, ref’))
“ sequence ordering is anti-symmetric ”
A prior, hist, ref , prior’, hist’, ref’ o Q A
prior = prior’
A (hist, ref) = (prior’ ™ ((hist’, ref))) (#prior + 1)
A (hist’ ref’) < (prior ™ ((hist, ref ))) (#prior’ + 1)
A slots = prior ™ ((hist, ref)) A slots’ = prior’ ™ ((hist’, ref’))
“ one-point prior’ ”
I prior, hist, ref , hist’, ref’ @ Q A
A (hist, ref) = (prior ™ ((hist’, ref"))) (#prior + 1)
A (hist', ref') < (prior ™ ((hist, ref)))(#prior + 1)
A slots = prior ™ ((hist, ref)) A slots’ = prior ™ ((hist’, ref’))
oo+ 1) = e
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A prior, hist, ref, hist’, ref’ @ Q A
(hist,ref) < (hist’,ref") A (hist’, ref’) < (hist, ref)
A slots = prior ™ ((hist, ref)) A slots’ = prior ™ ((hist’, ref’))
“ [pfx:def]:g12] ”
Aprior, hist, ref , hist’, ref’ o Q A
hist < hist’ A hist" < hist
A slots = prior ™ ((hist, ref)) A slots’ = prior ™ ((hist’, ref’))
= “ [pfx:anti-sym]:J17]”
Aprior, hist, ref , hist’, ref’ o Q A
hist = hist’
A slots = prior ™ ((hist, ref)) A slots’ = prior ™ ((hist’, ref’))

I %

“ One-point, hist
Aprior, hist, ref , ref ® Q A
slots = prior ~ ((hist, ref)) A slots’ = prior ™ ((hist, ref’))

a

We point out that this law is more general, as the variables slots and slots’ above are arbitrary.
Most important of all, in the above proof, it can been seen that all the steps carry through, even
if both of the slot-sequences being asserted as slot-equivalent are in fact denoted by arbitrary
expressions:

[SSEQV:prior:hist:ref:E] QANE =2 E, =
d priory, histy, refy, refo  Q A
Ey = priory ™ ((histy, refi))
A Ey = priory 7 ((histy, refa))
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D.1.5 Proof of [Hsub:equal]

[Hsub:equal] hn < h = (h = ssuby/(h, hn) = hn = hnull)

We assume hn < h throughout. The right-to-left implication is trivial.

We use infix notation, and concentrate on the left-to-right case, and so assume h = h \ hn

h=h~hn
= “ left-add hn to both sides ”
hnth=nhnt(h~ hn)
“ [sadd:ssub]:p[17] given hn < h”

hnth=nh
= “ [sadd:unit]:f13]”
hn = hnull
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D.1.6 Proof of [SSub:equal]

sn = s = s = ssub(s,sn) = Irn e sn = snull(rn)

Start with the lhs:

s = ssub(s, sn)
“let s = (h,r) and sn = (hn,rn) ”
(h,r) = ssub((h, 1), (hn,n))
“ [ssub:def]:p[14] ”
(h,r) = (ssubp (b, hn), )
¢ pair equality ”
h = ssubp(h,hn) Nr =1
“ [Hsub:equal]:pf205] ”
hn = hnull

Now the rhs:

Irn e sn = snull(rn)

“ [SN:def]:g12] ”

Irn e sn = (hnull, )
“let sn = (hn,rn)”

Irn e (hn,rn) = (hnull, rn)
“ pair equality ”

Jrn e hn = hnull A ™n = rn
“ reflexivity of ="

Jrn e hn = hnull
“ drop quantifier ”

hn = hnull

206
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D.1.7 Shifting

Much of this material has become obsolete since R2 was re-formulated using slots-sequence ad-
dition and subtraction ([R2:def]:1[23, [Shift:obsolete]:p??. However many proofs done before that
reformulation still rely on this material.
In the definition of R2, the Shift function is introduced ([R2:shift]:p??). In some key proofs, the
following expression crops up:

ss 7 Shift(s, slots, POST)
where POST denotes some slot-sequence expression, which has the property that slots < POST.
We shall define a special operator S (Abstract Shift) that abstracts out that last argument:

[AS:sig] S:(SE)" - (SE)*

[AS:pre] pre S(post) = slots < post

[AS:def] S(post) = ss ~ Shift(s, slots, post)
[AS:expand| S(post) = ss ™ (s + (slot’" — slot)) ™ sfz

where slot = last(slots)

(slot’ g sfr) = post — front(slots)

Here we introduce + and — as shorthands for sadd and ssub.

We note first of all that the result of this gives us the following guarantee:

[AS:post]

slots < post = ss 7 (s) < S(post)

More importantly, this guarantee gives the pre-condition of an inverse function:

[ASinv:sig] St (SEYT - (SE)"

[ASinv:pre] pre ST (shftd) = ss ™ (s) < shftd
[ASinv:post] 55 7 (s) < shftd = slots < S~ (shftd)

[AS:ASinv] slots < post = post = S~ (S(post))

[ASinv:AS] 58 7 (s) < shftd = shftd = S(S™* (shftd))

We posit the following definition of the inverse:

[ASinv:def] S~ (shftd) = front(slots) ™ Shift(last(slots), ss ™ (s), shftd)
[ASinv:expandl] S~ (shftd) = front(slots) ™ (last(slots) + (sslot’ — sslot)) ™ ssfx
where sslot = last(ss ™ (s))

(sslot’ g ssfr) = shftd — front(ss ™ (s))
S~ (shftd) = front(slots) ™ (last(slots) + (sslot’ — s)) 7 ssfr
(sslot’ s ssfr) = shftd — ss

[ASinv:expand?]

where
We also posit that both S and S~! preserve the < relationship:

[AS:prsrv:EX]
[ASinv:prsrv:EX]

post; < posty < S(posty) < S(posty)
shftd; < shftdy < S™*(shftd)) < S~ (shftds)

An immediate corollary of the above is that they also preserve =:

[AS:prsrv:SSEQV]
[ASinv:prsrv:SSEQV]

posty = posty < S(posty) = S(posts)
shftd; = shftdy < S~ (shftdy) = S~ (shftds)
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Proof of [AS:ASinv]:p207] so assume

[AS:ASinv:hyp] slots < post

to show:

a

S7H(S(post))

“ [AS:expand]:p207]”
S (ss ™ (s + (slot’ — slot)) ™ sfr)

slot = last(slots)

(slot" g sfr) = post — front(slots)

“ [ASinv:expand2]:4207] "
front(slots) ™ (last(slots) + (sslot’ — s)) ™ ssfx

(sslot’ g ssfr) = (ss ™ (s + (slot’ — slot)) ™ sfr) — ss

slot = last(slots)

(slot’ g sfr) = post — front(slots)

“ law of sequence subtraction ”
front(slots) ™ (last(slots) + (sslot’ — 5)) ™ ssfx

(sslot’ g ssfr) = (s + (slot’ — slot)) ™ sfx

slot = last(slots)

(slot’ s sfr) = post — front(slots)

“ ¢ pattern match, Liebniz on sslot’ and ssfr ”
front(slots) ™ (last(slots) + ((s + (slot’ — slot)) — s)) ™ sfr

slot = last(slots)

(slot’ s sfr) = post — front(slots)

“(s+t)—s=t"
front(slots) ™ (last(slots) + (slot’ — slot)) ™ sfr

slot = last(slots)

(slot" s sfr) = post — front(slots)

“ Liebniz on slot, s + (t — s) = t, ok because slot =< slot’ by [AS:ASinv:hyp]:p208] ”
front(slots) ™ (slot’) ™ sfr

(slot’ g sfz) = post — front(slots)

“ Liebniz on slot’, sfr, noting (e) ~s=egs
front(slots) ™ (post — front(slots))

“s4(t —s) =t, ok because front(slots) < post, by [AS:ASinv:hyp]:p208|”
post

R

Proof of [AS:prsrv:EX]:p207], so assume

[AS:prsrv:EX:hypl] slots < posty
[AS:prsrv:EX:hyp2] slots < posty
[AS:prsrv:EX:hyp3] post; < posty
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We can then rewrite post; and posts as:

[AS:prsrv:EX:postl] posty = pfx " (sl)
[AS:prsrv:EX:post2] posty = pfr 7 (sl') 7 rest
[AS:prsrv:EX:hyp4] sl < sl

We then expand out:

S(posty)
= “ [AS:prsrv:EX:post1]:p209] ”
S(pfe ™ (s1)
= “ [AS:def]:p207)”
58 7 (s + (slot’ — slot)) ™ sfr
slot = last(slots)
(slot’ g sfr) = (pfr ™ (sl)) — front(slots)
= “ Liebniz on slot, slot’, sfx ”
ss 7 (s + (head((pfx ™ (sl)) — front(slots)) — last(slots)))
“tail((pfr ~ (sl)) — front(slots))

Expanding posts:

S(posts)
= “ [AS:prsrv:EX:post2]:p209] ”
S(pfx ™ (sl') ™ rest)
= “ similar to above ”
58 7 (s + (head((pfr ™ (sl') ™ rest) — front(slots)) — last(slots)))
“tail((pfr ™ (sl') 7 rest) — front(slots))

We note that head(o — front(T)) = o(#71), so we get:

S(posty)
= “ above law ”

58 ™ (s + ((pfr ™ (sl))(#slots)) — last(slots)))
“tail((pfr ™ (sl)) — front(slots))

and

S(posts)

= “ above law ”
ss " {s+ ((pfz 7 (sl') ™ rest)(#slots)) — last(slots)))
“tail((pfr ~ (sl') 7 rest) — front(slots))

209

The sequence indexing in the post; expansion is well-defined, so #slots < #pfr + 1, so we can
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simplify posty further:

S(postz)
= “ above law ”

58 " (s + ((pfr ™ (sl'))(#slots)) — last(slots)))
“tail((pfr ~ (sl') 7 rest) — front(slots))

As slots < posty = pfz ™ (sl), we know that front(slots) < pfr, so (pfr ™ o) — front(slots) is equal
to (pfx — front(slots)) ™ 0. So we can substitute less = pfr — front(slots) into both expansions:

S(posty)
= “ above principle ”
ss (s + ((pfx ™ (sl))(#slots)) — last(slots)))
“tail(less ™ (sl))
S(postz)
= “ above principle ”

58 " (s + ((pfr ™ (sl'))(#slots)) — last(slots)))
“tail(less ™ (sl') " rest))

Both are identical except for the last component tail(...), and it is clear that that S(post;) and
S(posty) first differ at s/ and sl’, where we have sl < sl by [AS:prsrv:EX:hyp4]:p209] So we can
assert that

S(posty) < S(postz)

O

We can also generalise S to work with variables other than ss and s, useful for certain proofs:

[AS:par:sig] S:((SE)Y"xSE)— (SE)T - (SE)*
[AS:par:pre] pre Sgp » (post) = slots < post
[AS:par:def] Suz.z(post) = xzx 7 Shift(z, slots, post)
[AS:par:expand] Suz.z(post) = zx 7 (z + (slot’ — slot)) ™ sfx
where slot = last(slots)
(slot’ g sfr) = post — front(slots)

Also we may want to change the slots variable, giving yet another parameterisation:

[AS:pars:sig] S:(SEY"xSE)—= (SE)Ytx(SE)") — (SE)*"
[AS:pars:pre] pre Syp o (post, sls) = sls < post
[AS:pars:def] Suz,z(post, sls) = zx ~ Shift(x, sls, post)
[AS:pars:expand] Sy, (post, sls) = zx ™ (z + (slot’ — slot)) ™ sfz
where slot = last(sls)
(slot’ s sfr) = post — front(sls)
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E Theory of Sequences

We present some theory of sequences that proves useful.

E.1 Sequence Definitions

E.1.1 Sequence Head

[Seq:Head:Sig] head : T — %
[Seq:Head:def] head(zgo) =z

E.1.2 Sequence Tail

[Seq:Tail:Sig] tail : ¥T — X*
[Seq: Tail:def] tail(zso) =0

E.1.3 Sequence Concatenation

[Seq:Cat:Sig] ED Y Y
[Seq:Cat:def:nil] H"~r=71

[Seq:Cat:def:cons] (zg0) T = x3(0 " 7)

E.1.4 Sequence Length

[Seq:Len:Sig] #:¥" >N
[Seq:Len:def:nil] #()=0
[Seq:Len:def:cons| #(z30) = 1+ #o

E.1.5 Sequence Index

[Seq:Index:Sig] ()2 = N\0+ X
[Seq:Index:one] (zso)(1) ==
[Seq:Index:more] (zso)(n+1)=oa(n)
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E.1.6 Prefix Relation

[Seq:Pfx:Sig]
[Seq:Pfx:def:nil]
[Seq:Pfx:def:cons]
[Seq:Pfx:def:lin]

IN
\‘

=y
rso <

Q
S| IA
q

o
o

<

< _:

™

xY* =B

[Seq:Pfx-rel:def:nil]

[Seq:Pfx-rel:def:cons]

E.1.7 Sequence Subtraction

[Seq:Sub:Sig]
[Seq:Sub:pre]
[Seq:Sub:def:nil]
[Seq:Sub:def:cons|

YT x Y Y
prec—T7=7<0
s—()=s

(zso)—(zeT)=0—17

E.1.8 Strict Prefix Relation

[Seq:SPfx:Sig]

[Seq:SPfx:def:nil]
[Seq:SPfx:def:cons]
[Seq:SPfx:def:lin]

(0 <(ys7)
T =1y o<rT
30 < yYsT

E.1.9 Sequence Front

[Seq:Front:Sig
[Seq:Front:def:sngl
[Seq:Front:def:cons

[Seq:Front:def:alt

]
]
]
]

< YT x Y- B

() < (ys7)=TRUE
(zso)<(ysT)=zx=yAo<T
0 < () = FALSE

[Seq:SPfx-rel:def:nil]

[Seq:SPfx-rel:def:cons]

front : ¥ — ¥

front{z) = ()

front(z s o) = z 8 front(o)
front(s " {(z)) = s

212
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E.1.10 Sequence Last

[Seq:Last:Sig]
[Seq:Last:def:sngl]
[Seq:Last:def:cons]

[Seq:Last:def:alt]
[Seq:Last:def:alt’]
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E.2 Sequence Properties
E.2.1 Proof
[Seq:Front-Last:eq]
[Seq:Front-Last:eq] s, t# () =
(front(s) = front(t) A last(s) = last(t)) = (s =¢)
E.2.2 Proof
[Seq:LE:prefix]

[Seq:LE:prefix] s<t=Viel...#ses(i)=1t(i)

E.2.3 Proof

[Seq:Front:len]

[Seq:Front:len] s # () = #(front(s)) = (#s) — 1
[Seq:Front:len’] s #£ () = #s = #(front(s)) + 1

E.2.4 Proof

[Seq:Front:index]
[Seq:Front:index] Viel...#front(s) e (front(s))(i) = s(7)
[Seq:Front:index'] i € 1...#front(s) = (front(s))(i) = s(7)

E.2.5 Proof
[Seq:Front:len-index]

[Seq:Front:len-index| (front(s) ™ t)(#s) = head(t)

E.2.6 Proof
[Seq:Front:len]
[Seq:Front:len] front(s) = front(t) = #s = #t
E.2.7 Proof
[Seq:FrontLT:len]

[Seq:FrontLT:len] front(s) < t = #s < #t
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E.2.8 Proof

[Seq:FrontLT:trans]

[Seq:FrontLT:trans] front(s) < t A front(t) < u = front(s) < u

E.2.9 Proof
[Seq:FrontLT:eqv]
[Seq:FrontLT:eqv] front(s) <t A s < front(t) = front(s) = front(t)
E.2.10 Proof
[Seq:FrontLT:anti]
[Seq:FrontLT:anti] front(s) < front(t) A front(t) < front(s) = front(s) = front(t)
E.2.11 Proof
[Seq:FrontEQ:end|

[Seq:FrontEQ:end| (front(s ™ (z)) = front(s " (y) " t)) = (
[Seq:FrontEQ:end’] (front(s) = front(t)) = (tail(t — front(s)

=
|

—

~

~

E.2.12 Proof

[Seq:HdSub:index]
[Seq:HdSub:index] t < s= head(s —t) = s(1+ #t)
[Seq:HdSub:index’] front(t) < s = head(s — front(t)) = s(#t)

E.2.13 Proof
[Seq:TailSub)]

[Seq:TailSub) tail(s) = tail(s —t) =t = ()

E.2.14 Proof
[Seq:Front:Cat:Le]

[Seq:Front:Cat:Le] s = front(t) v A front(s) < t = #v =1
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