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representations  patterns

Pattern Theory , formulated by Ulf Grenander, is a mathematical
formalism to describe knowledge of the world as patterns.

- Wikipedia
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Triadic Temporal Representations
& Deformations

representations  patterns

Pattern Theory , formulated by Ulf Grenander, is a mathematical
formalism to describe knowledge of the world as patterns.

- Wikipedia

the pattern should not merely describe the ‘pure’ situation
that underlies reality but the ‘deformed’ situation that is
actually observed in which the pure pattern may be hard
to recognize. This generalizes, for example, Chomsky’s
idea of the deep structure of an utterance vs. its surface
structure, where deep ∼ pure and surface ∼ deformed.

- Mumford 2019
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Triadic Temporal Representations
& Deformations

pattern ≈ pure situation + deformations

e.g., output ≈ input + noise (Shannon noisy channel)
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(1) Facebook bought Instagram.

�� ��facebook
bought−→

�� ��instagram

(2) Facebook owns Instagram.

�� ��facebook
owns−→

�� ��instagram

(3) bought(x , y) =⇒ owns(x , y) (Hosseini 2020)

(4) buy(x , y) =⇒ Become(own(x , y)) (Dowty 1979)

(5) ¬own(x , y)
buy(x ,y)−→ own(x , y)

(6) buy(x , y) =⇒ pay-for(x , y) . . . open-ended

Proposal: extract finite automata from knowledge graphs,

allowing for refinements and alternatives
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Talk Outline

§1

Transitions from finite automata

§2

Strings as compressed models

§3

Granularity: sigs & reducts

§4

Deformations: institution as triad (Goguen)
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Labelled transition q
a→ q′

automata

Kleene 1956 (nerve nets) action languages

q state

(v1, . . . , vm) fluent, value

a symbol

{active input cells} (elementary) action

q0start q1
a

b q0
a→ q1 ∈ F

q0
a→ q1

b→ q1 ∈ F
...

regular expression ab∗

Gelfond & Lifschitz 1998 . . . symbolic AI (J. McCarthy)
- fluent (Newton), inertia (frame problem)
- action signature (V,F,A)

names A for actions + state information V,F

¬own(x , y)
buy(x ,y)−→ own(x , y)

(own(x , y),0), buy(x , y) (own(x , y),1)
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Labelled transition q
a→ q′

automata Kleene 1956 (nerve nets)

action languages

q state (v1, . . . , vm)

fluent, value

a symbol {active input cells}

(elementary) action

I1, I2 · · · IN = q, a

(v1 . . . vm) records the
values vi of m inner cells

output q′ = (y1 . . . ym)
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Strings in Reichenbach

Simple Past: E ≈ R R < S

E ,R & R S = E ,R S

Posterior Past: R < E R < S

R E & R S = R ( E ,S + E S + S E )︸ ︷︷ ︸
trichotomy

l r & l ′ r ′ = 13 Allen relations
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Simple Past: E ≈ R R < S

E ,R & R S = E ,R S

Posterior Past: R < E R < S

R E & R S = R ( E , S + E S + S E )︸ ︷︷ ︸
trichotomy

l r & l ′ r ′ = 13 Allen relations

6 18



String sets in Reichenbach and Allen

Simple Past: E ≈ R R < S

E ,R & R S = E ,R S

Posterior Past: R < E R < S

R E & R S = R ( E , S + E S + S E )︸ ︷︷ ︸
trichotomy

l r & l ′ r ′ = 13 Allen relations

6 18



String sets in Reichenbach and Allen

l r & l ′ r ′ = 13 Allen relations

m(x , y) & d(y , z)  {s, o, d}(x , z)

x y & z y , z z = (ε+ x + z ) x , z y , z z

6 18



X meets Y: compression

two ways

Stative delete stutters XXXYYY  x y

X meets Y

l r
——|———————–|————————

|

——

l ′ r ′

Transition l r

l r , l ′ r ′  l r

delete � (S-words, Durand & Schwer 2008)

No change: q
�→ q
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String as model:

no time without change (Aristotle)

l r , l ′ r ′ as 〈{1, 2, 3},[[S ]], [[Pl ]], [[Pr ]], [[Pl ′ ]], [[Pr ′ ]]〉

[[S ]] := {(1, 2), (2, 3)}

[[Pl ]] := {1}, [[Pr ]] := {2}, [[Pl ′ ]] := {2}, [[Pr ′ ]] := {3}

ntwocA,V := ∀i (
∨
a∈A

Pa(i) ∨
∨

u∈
∑

V

δu(i))

δu(i) := Pu(i) ∧ ¬∃j(iSj ∧ Pu(j))
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J.A. Wheeler

: it from bit
every it — every particle, every field of force, even the spacetime
continuum itself — derives its function, its meaning, its very ex-
istence entirely — even if in some contexts indirectly — from
the apparatus-elicited answers to yes-or-no questions, binary
choices, bits.

- Information, physics, quantum: the search for links, 1990
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A-compression for ntwocA,V

Theorem. For all s ∈ BA,V ∗,

s |= ntwocA,V ⇐⇒ s = κA(s)

where

κA(s) :=

{
ε if s = ε or s = �
s else if length(s) = 1

κA(αα′s) :=

{
κA(α′s) if α = � or α = α′ \ A
α κA(α′s) otherwise

κA is computable by a finite-state transducer and for s ∈ BA,V ∗,

κA(s) =

{
d�(s if V = ∅
bc(s) else if A = ∅
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§1 Transitions from finite automata

§2 Strings as compressed models

§3 Granularity: sigs & reducts

§4 Deformations: institution as triad (Goguen)
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Finite precision: (Act,Val)-sigs
Given: a function Val from variables x to sets Val(x), and

a set Act of acts.

An (Act,Val)-sig is a pair (A,V ) of a finite subset A of Act
and a fin-blurring V of Val

a function V whose domain is a finite subset of dom(Val) s.t.

(∀x ∈ dom(Val)) V (x) is a finite partition of Val(x).

(A,V ) � (A′,V ′) ⇐⇒ A ⊆ A′ and V ≤ V ′

where ≤ allows values (cells) to be refined

V ≤ V ′ ⇐⇒ (∀x ∈dom(V )) x ∈ dom(V ′) and

V ′(x) refines V (x)

︷ ︸︸ ︷
(∀c ′ ∈ V ′(x))(∃c ∈ V (x)) c ′ ⊆ c
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X meets Y, revisited

ux ,uy ax ,uy dx ,ay dx ,dy

lx rx , ly ry

ux ax dx dx

lx rx

B-reduct ρB(α1 · · ·αn) := (α1 ∩ B) · · · (αn ∩ B)

ρ{lx ,rx}( lx rx , ly ry ) = lx rx

ρ{ux ,ax ,dx}(
�� ��ux ,uy

�� ��ax ,uy

�� ��dx ,ay
�� ��dx ,dy ) =

�� ��ux

�� ��ax
�� ��dx

�� ��dx
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Institution (Goguen & Burstall)

finite automaton deformation institution
alphabet (A,V ) blur Σ ∈ Sig

string domain warping Σ-model
regular expression superposition Σ-sentence

string set interruption [[ϕ]]Σ

Given Σ
σ→ Σ′, s ′ ∈Mod(Σ′)

,

ϕ ∈ Sen(Σ)

,

Mod(σ) : Mod(Σ′)→Mod(Σ)

Mod(σ)(s ′) = κσ(s ′) reduct ; compression

contra Sen(σ) : Sen(Σ)→ Sen(Σ′)

Sen(σ)(ϕ) = 〈σ〉ϕ
s ′ |=Σ′ 〈σ〉ϕ ⇐⇒ κσ(s ′) |=Σ ϕ satisfaction condition

superpose(ϕ1, ϕ2) as 〈σ1〉ϕ1 ∧ 〈σ2〉ϕ2

[[ϕ]]Σ := {s ∈Mod(Σ) | s |=Σ ϕ}

15 18



Institution (Goguen & Burstall)

finite automaton deformation institution
alphabet (A,V ) blur Σ ∈ Sig

string domain warping Σ-model

regular expression superposition Σ-sentence
string set interruption [[ϕ]]Σ

Given Σ
σ→ Σ′, s ′ ∈Mod(Σ′),

ϕ ∈ Sen(Σ)

,

Mod(σ) : Mod(Σ′)→Mod(Σ)

Mod(σ)(s ′) = κσ(s ′) reduct ; compression

contra Sen(σ) : Sen(Σ)→ Sen(Σ′)

Sen(σ)(ϕ) = 〈σ〉ϕ
s ′ |=Σ′ 〈σ〉ϕ ⇐⇒ κσ(s ′) |=Σ ϕ satisfaction condition

superpose(ϕ1, ϕ2) as 〈σ1〉ϕ1 ∧ 〈σ2〉ϕ2

[[ϕ]]Σ := {s ∈Mod(Σ) | s |=Σ ϕ}

15 18



Institution (Goguen & Burstall)

finite automaton deformation institution
alphabet (A,V ) blur Σ ∈ Sig

string domain warping Σ-model
regular expression superposition Σ-sentence

string set interruption [[ϕ]]Σ

Given Σ
σ→ Σ′, s ′ ∈Mod(Σ′), ϕ ∈ Sen(Σ),

Mod(σ) : Mod(Σ′)→Mod(Σ)

Mod(σ)(s ′) = κσ(s ′) reduct ; compression

contra Sen(σ) : Sen(Σ)→ Sen(Σ′)

Sen(σ)(ϕ) = 〈σ〉ϕ
s ′ |=Σ′ 〈σ〉ϕ ⇐⇒ κσ(s ′) |=Σ ϕ satisfaction condition

superpose(ϕ1, ϕ2) as 〈σ1〉ϕ1 ∧ 〈σ2〉ϕ2

[[ϕ]]Σ := {s ∈Mod(Σ) | s |=Σ ϕ}

15 18



Institution (Goguen & Burstall)

finite automaton deformation institution
alphabet (A,V ) blur Σ ∈ Sig

string domain warping Σ-model
regular expression superposition Σ-sentence

string set interruption [[ϕ]]Σ

Given Σ
σ→ Σ′, s ′ ∈Mod(Σ′), ϕ ∈ Sen(Σ),

Mod(σ) : Mod(Σ′)→Mod(Σ)

Mod(σ)(s ′) = κσ(s ′) reduct ; compression

contra Sen(σ) : Sen(Σ)→ Sen(Σ′)

Sen(σ)(ϕ) = 〈σ〉ϕ
s ′ |=Σ′ 〈σ〉ϕ ⇐⇒ κσ(s ′) |=Σ ϕ satisfaction condition

superpose(ϕ1, ϕ2) as 〈σ1〉ϕ1 ∧ 〈σ2〉ϕ2

[[ϕ]]Σ := {s ∈Mod(Σ) | s |=Σ ϕ}

15 18



Institution (Goguen & Burstall)

finite automaton deformation institution
alphabet (A,V ) blur Σ ∈ Sig

string domain warping Σ-model
regular expression superposition Σ-sentence

string set interruption [[ϕ]]Σ

Given Σ
σ→ Σ′, s ′ ∈Mod(Σ′), ϕ ∈ Sen(Σ),

Mod(σ) : Mod(Σ′)→Mod(Σ)

Mod(σ)(s ′) = κσ(s ′) reduct ; compression

contra Sen(σ) : Sen(Σ)→ Sen(Σ′)

Sen(σ)(ϕ) = 〈σ〉ϕ
s ′ |=Σ′ 〈σ〉ϕ ⇐⇒ κσ(s ′) |=Σ ϕ satisfaction condition

superpose(ϕ1, ϕ2) as 〈σ1〉ϕ1 ∧ 〈σ2〉ϕ2

[[ϕ]]Σ := {s ∈Mod(Σ) | s |=Σ ϕ}
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Inertia & interruption
For a ∈ Act, let af(a) be the set of variables that a can affect.

An (A,V )-string s is (A,V , af)-inertial if for every V -pair u,
any u-change in s occurs with an act in A that can affect u

∀i∀j (iSj ∧ Pu(i) ∧ ¬Pu(j)) ⊃
∨
a∈Au

Pa(i) (†)

where A(x ,c) = {a ∈ A | x ∈ af(a)}.

Otherwise, s is (A,V , af)-interrupted.

The (A,V )-projection of an (A′,V ′, af)-inertial string can be
(A,V , af)-interrupted because (†) needs an a ∈ A′ \ A.

Expand V to V ′ for (†)-converse on event nuclei (Moens &
Steedman 1988)

https://web.stanford.edu/~laurik/fsmbook/examples/

YaleShooting.html F & Nairn 2005, IWCS-6 Tilburg 2005
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So what?
What is a string assigned a probability by a language model about?

(1) Facebook bought Instagram.

(2) Facebook owns Instagram.

(7) Facebook spreads lies.

It is about a process (learning) that can be approximated by
semantic representations at bounded granularities.

pattern ≈ pure situation︸ ︷︷ ︸ + deformations︸ ︷︷ ︸
input noise (Shannon channel)

string


blur ∆(alphabet)
domain warp compression
superposition language
interruption constraints
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Proposal: turn knowledge graphs into finite automata,
to support refinements and alternatives

T h a n k Y o u
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